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Abstract Cyclotron resonant scattering by electromagnetic ion cyclotron (EMIC) waves has
been considered to be responsible for the rapid loss of radiation belt high-energy electrons. For
parallel-propagating EMIC waves, the nonlinear character of cyclotron resonance has been revealed in
recent studies. Here we present the first study on the nonlinear fundamental and harmonic cyclotron
resonant scattering of radiation belt ultrarelativistic electrons by oblique EMIC waves on the basis of
test particle simulations. Higher wave obliquity produces stronger nonlinearity of harmonic resonances
but weaker nonlinearity of fundamental resonance. Compared to the quasi-linear prediction, these
nonlinear resonances yield a more rapid loss of electrons over a wider pitch angle range. In the quasi-linear
regime, the ultrarelativistic electrons are lost in the equatorial pitch angle range 𝛼eq < 75∘, nearly
independent of wave normal angle 𝜓 . In contrast, the upper pitch angle cutoff of nonlinear losses tends
to increase with the wave normal angle increasing, which is about 𝛼eq = 82∘ at 𝜓 = 0∘ and 𝛼eq > 87.5∘
at 𝜓 = 20∘ and 40∘. At the resonant pitch angles 𝛼eq < 75∘, the difference between quasi-linear and
nonlinear loss timescales tends to decrease with the wave normal angle increasing. At 𝜓 = 0∘ and 20∘,
the nonlinear electron loss timescale is 10% shorter than the quasi-linear prediction; at 𝜓 = 40∘, the
difference in loss timescales is reduced to <5%.

1. Introduction

Earth’s outer radiation belt electrons exhibit complex dynamics during both storm [e.g., Reeves et al., 1998;
Friedel et al., 2002; Millan and Thorne, 2007; Anderson et al., 2015] and nonstorm [Su et al., 2014a, 2015, 2016]
times. To resolve the precise loss mechanisms for these high-energy electrons is an important challenge of
radiation belt research. In the early works [Dessler and Karplus, 1961; McIlwain, 1966], outward adiabatic trans-
port was proposed to explain the electron flux dropout during geomagnetic storms (with the buildup of
magnetospheric ring current) [Kim and Chan, 1997; Su et al., 2010a]. Recently, some nonadiabatic loss pro-
cesses have been identified, such as magnetopause shadowing [Li et al., 1997; Desorgher et al., 2000] and
various wave-particle resonant [Horne and Thorne, 1998; Summers et al., 1998; Green et al., 2004; Thorne, 2010;
Elkington et al., 1999; Shprits et al., 2006; Loto’Aniu et al., 2010; Su et al., 2015; Breneman et al., 2015; Zhu
et al., 2015; Gao et al., 2016] and nonresonant [Qin and Shalchi, 2009; Ragot, 2012; Lemons, 2012; Camporeale,
2015; Chen et al., 2016] interactions. These nonadiabatic mechanisms can act not only in storm times
[e.g, Bortnik et al., 2006; Su et al., 2011a; Turner et al., 2012, 2014; Hudson et al., 2014] but also in nonstorm times
[Su et al., 2016].

Electromagnetic ion cyclotron (EMIC) waves have long been considered to yield the rapid precipitation loss
of radiation belt relativistic and ultrarelativistic electrons through cyclotron resonant pitch angle scattering
[e.g., Summers and Thorne, 2003; Bortnik et al., 2006; Summers et al., 2007; Miyoshi et al., 2008; Ukhorskiy et al.,
2010; Su et al., 2011a, 2016; Kersten et al., 2014; Usanova et al., 2014; Engebretson et al., 2015; Rodger et al., 2015;
He et al., 2016; Zhang et al., 2016]. This loss process is usually described by the quasi-linear theory [e.g., Albert,
2003; Summers and Thorne, 2003; Li et al., 2007; Summers and Thorne, 2003; Li et al., 2007; Jordanova et al., 2008;

RESEARCH ARTICLE
10.1002/2016JA023451

Key Points:
• Test particle simulations of nonlinear

resonances between radiation belt
ultrarelativistic electrons and oblique
EMIC waves

• Higher wave obliquity allows stronger
(weaker) nonlinearity of harmonic
(fundamental) cyclotron resonances

• Increase of wave obliquity tends
to reduce the differences between
test particle and quasi-linear total
transport coefficients

Correspondence to:
Z. Su,
szpe@mail.ustc.edu.cn

Citation:
Wang, G., Z. Su, H. Zheng, Y. Wang,
M. Zhang, and S. Wang (2017),
Nonlinear fundamental and harmonic
cyclotron resonant scattering of
radiation belt ultrarelativistic electrons
by oblique monochromatic
EMIC waves, J. Geophys. Res.
Space Physics, 122, 1928–1945,
doi:10.1002/2016JA023451.

Received 12 SEP 2016

Accepted 1 FEB 2017

Accepted article online 4 FEB 2017

Published online 21 FEB 2017

©2017. American Geophysical Union.
All Rights Reserved.

WANG ET AL. NONLINEAR SCATTERING BY OBLIQUE EMIC 1928

http://publications.agu.org/journals/
http://onlinelibrary.wiley.com/journal/10.1002/(ISSN)2169-9402
http://orcid.org/0000-0001-5577-4538
http://orcid.org/0000-0001-8001-088X
http://orcid.org/0000-0002-8887-3919
http://dx.doi.org/10.1002/2016JA023451


Journal of Geophysical Research: Space Physics 10.1002/2016JA023451

Shprits et al., 2009a; Su et al., 2010b, 2011b; Mourenas et al., 2016]. In fact, the EMIC waves typically have large
amplitudes of 1–10 nT [Bräysy et al., 1998; Erlandson and Ukhorskiy, 2001; Meredith et al., 2003; Fraser et al.,
2010, Pickett et al., 2010; Omura et al., 2010], essentially violating the assumption of small wave amplitudes in
the quasi-linear theory [Kennel and Engelmann, 1966; Lyons et al., 1971; Lyons, 1974; Horne and Thorne, 1998;
Summers et al., 1998].

For parallel-propagating EMIC waves, several test particle studies on the nonlinear cyclotron resonance have
been performed [e.g., Albert and Bortnik, 2009; Su et al., 2012, 2013a; Omura and Zhao, 2012; Zhu et al., 2012].
Albert and Bortnik [2009] showed that large amplitude EMIC waves can cause the nonlinear phase bunching
and trapping of radiation belt electrons. The corresponding transport coefficients were found to significantly
deviate from the quasi-linear predication in both uniform [Liu et al., 2010, 2012] and dipolar [Su et al., 2012,
2013b] magnetic fields. Omura and Zhao [2012] emphasized the importance of phase trapping driven by EMIC
rising-tone emissions for the loss of relativistic electrons over a wide pitch angle range.

Previous statistical studies have shown that the oblique EMIC waves with wave normal angles up to 𝜓 = 80∘
can frequently occur in both the outer (L> 6) [Min et al., 2012] and inner (2 < L < 6) [Saikin et al., 2015] magne-
tosphere. Recently, Wang et al. [2016] analyzed the nonlinear Landau resonant scattering of near-equatorially
trapped radiation belt electrons driven by oblique EMIC waves. However, the potential nonlinear cyclotron
resonance driven by oblique EMIC waves remains to be examined. In this study, we address the following
two questions: (1) Can the fundamental and harmonic cyclotron resonance exhibit a significant nonlinearity
for oblique EMIC waves? (2) How large is the difference between test particle and quasi-linear electron loss
characteristics for oblique EMIC waves?

2. Numerical Model
2.1. Test Particle Model
We use the test particle code of Su et al. [2014b] to investigate the resonant interaction between monochro-
matic EMIC waves and ultrarelativistic electrons in the radiation belt. The basic equations are written as

dr
dt

=
p
𝛾m

, (1)

dp
dt

= q

[
Ew +

p
𝛾m

×
(

B0 + Bw

)]
. (2)

Following early works [e.g., Inan et al., 1978; Bell, 1984], we ignore the curvature of background magnetic field
and construct a “magnetic bottle” configuration

B0 = − x
2

dBD

dz
ex −

y
2

dBD

dz
ey + BDez, (3)

where z is the dipole field line length (depending on magnetic shell L and magnetic latitude 𝜆) and BD is
dipole field strength. For ultrarelativistic electrons, the bounce period (∼0.5 s) is much shorter than the drift
period (∼5 mins), and the gyroradius (tens of kilometers) is small compared to the Earth’s radius (6376 km).
This magnetic bottle approximation should not lead to significant errors in the simulations. Test electrons are
characterized by charge q, rest mass m, position vector r, local pitch angle 𝛼, gyro phase

𝜑 = −∫
Ω
𝛾

dt = −∫
qBD

𝛾m
dt, (4)

and relativistic momentum vector

p = p(sin 𝛼 cos𝜑ex + sin 𝛼 sin𝜑ey + cos 𝛼ez). (5)

A monochromatic EMIC wave is characterized by angular frequency 𝜔, normal angle 𝜓 , wave vector

k = k sin𝜓ex + k cos𝜓ez, (6)

wave phase

𝜙 = ∫ k ⋅ dr − ∫ 𝜔dt, (7)
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electromagnetic fields

Ew = −Ex
w sin𝜙 ex − Ey

w cos𝜙 ey − Ez
w sin𝜙 ez, (8)

Bw = Bx
w cos𝜙 ex − By

w sin𝜙 ey + Bz
w cos𝜙 ez, (9)

and time-averaged Poynting flux

Sw = 1
2𝜇0

[
−
(

Ey
wBz

w + Ez
wBy

w

)
ex +

(
Ex

wBy
w + Ey

wBx
w

)
ez

]
. (10)

To qualitatively describe the nonlinear resonance process, we introduce two variables 𝜈 and 𝜂 [e.g., Inan et al.,
1978; Bell, 1984; Bortnik et al., 2008; Omura et al., 2008; Tao and Bortnik, 2010; Su et al., 2014b]

𝜈 = d𝜂
dt

= lΩ
𝛾

+
kp
𝛾m

cos𝜓 cos 𝛼 − 𝜔. (11)

The variable 𝜈 equals zero at the l order resonance point

𝜔 −
kp
𝛾m

cos𝜓 cos 𝛼 = lΩ
𝛾
. (12)

The variable 𝜂 is approximated as

𝜂 ≈ 𝜙 − l𝜑 − kx sin𝜓, (13)

which can be interpreted as the difference between wave phase𝜙 and harmonic gyrophase l𝜑 at the guiding
center (x = 0). Differentiating both sides of the equation (11) with respect to time t yields

d2𝜂

dt2
= d𝜈

dt
= 𝜔2

t

[
Sign(𝜗) sin 𝜂 + S

]
, (14)

with the detailed expressions of S,𝜔t, and 𝜗 listed in our previous work [Su et al., 2014b]. The absolute value of
S at the resonance point is named as the “inhomogeneity parameter” Sr [Omura et al., 2008]. As discussed in
previous theoretical works [e.g., Matsumoto and Omura, 1981; Summers and Omura, 2007; Omura et al., 2008;
Albert and Bortnik, 2009; Su et al., 2012, 2013b; Zhu et al., 2012], wave-particle interaction can exhibit obvious
nonlinearity when Sr ∼< 1 but become linear when Sr > 1.

In the test particle simulations, the bounce-averaged advection
⟨

ATP
𝛼eq

⟩
and diffusion

⟨
DTP
𝛼eq𝛼eq

⟩
coefficients in

equatorial pitch angle 𝛼eq can be evaluated as [Schulz and Lanzerotti, 1974; Lyons and Williams, 1984; Liu et al.,
2010, 2012; Su et al., 2012, 2013b] ⟨

ATP
𝛼eq

⟩
=

Δ𝛼eq

Δt
, (15)

⟨
DTP
𝛼eq𝛼eq

⟩
=

(
Δ𝛼eq − Δ𝛼eq

)2

2Δt
, (16)

where Δt is the bounce period of test electrons, Δ𝛼eq is the net change in equatorial pitch angle during one
bounce period, and the overline represents the averaging over initial gyrophase 𝜑0 and latitude 𝜆0.

2.2. Quasi-Linear Theory
In the quasi-linear theory, the pitch angle diffusion equation can be written as [Schulz and Lanzerotti, 1974;
Lyons and Williams, 1984]

𝜕F
𝜕t

= 1
G

𝜕

𝜕𝛼eq

[
G

(⟨
DQL
𝛼eq𝛼eq

⟩
𝜕F
𝜕𝛼eq

)]
, (17)

G = p2T(𝛼eq) sin 𝛼eq cos 𝛼eq, (18)

T ≈ 1.30 − 0.56 sin 𝛼eq, (19)

with the electron phase space density F and the bounce-averaged diffusion coefficient in equatorial pitch
angle

⟨
DQL
𝛼eq𝛼eq

⟩
depending on the wave properties and background plasma. Equation (17) can be rewritten

into the advection-diffusion form [Schulz and Lanzerotti, 1974; Liu et al., 2012]

𝜕F
𝜕t

= − 1
G

𝜕

𝜕𝛼eq

(
G
⟨

AQL
𝛼eq

⟩
F
)
+ 1

G
𝜕2

𝜕𝛼2
eq

(
G
⟨

DQL
𝛼eq𝛼eq

⟩
F
)
, (20)
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Figure 1. Schematic diagram of EMIC waves, linear resonance latitudes, and electron mirror point in the Northern
Hemisphere.

with the inherent bounce-averaged advection coefficient in equatorial pitch angle
⟨

AQL
𝛼eq

⟩
⟨

AQL
𝛼eq

⟩
= 1

G
𝜕

𝜕𝛼eq

(
G
⟨

DQL
𝛼eq𝛼eq

⟩)
. (21)

For a monochromatic wave with the time-averaged amplitude Bw =
√

Bx
w

2+By
w

2+Bz
w

2

2
, the bounce-averaged

diffusion coefficient for l-order cyclotron resonance is given as [Albert, 2010]

⟨
DQL
𝛼eq𝛼eq

⟩
l
= 𝜋Ω2| cos 𝛼| cos7 𝜆

2𝛾2T(𝛼eq) cos2 𝛼eq

Bw

2

B2
D

Φ2
l

×
(

cos𝜓 − 𝛾m
p
𝜔

k
cos 𝛼

)2 ||||| 𝜕𝜕𝜆
(

kp cos𝜓 cos 𝛼
𝛾m

+ lΩ
𝛾

)|||||
−1

,

(22)

Φ2
l =

[( 2D
n2 − S

)2

+
(

2P cos𝜓

P − n2 sin2 𝜓

)2
]−1

×
[(

n2 − L
n2 − S

)
Jl+1(𝛽) +

(
n2 − R
n2 − S

)
Jl−1(𝛽) +

n2 cot 𝛼 sin 2𝜓

P − n2 sin2 𝜓
Jl(𝛽)

]2

,

(23)

where all the quantities without subscript “eq” are evaluated at the resonance location. The equatorial res-

onance curve (along which
|||| 𝜕𝜕𝜆

(
kp cos𝜓 cos 𝛼

𝛾m
+ lΩ

𝛾

)|||| = 0) is a singular line of both the analytical advection

and diffusion coefficients, and the line 𝛼eq = 0 (where G = 0) is the other singular line of the analytical
advection coefficient.

Figure 2. Latitudinal variation of wave component (a) Bx
w, (b) By

w, and (c) Bz
w with different wave normal angles 𝜓=0∘(blue), 20∘ (green) and 40∘(red).
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Figure 3. Dependence of inhomogeneity parameter Sr on equatorial pitch angle 𝛼eq with wave normal angles 𝜓 = 0∘ –50∘ (color coded) at resonance orders
l = ±1, ±2, and ±3.

3. Results

Wave-particle interactions are investigated in the core of outer electron radiation belt (L = 4). The equatorial
ratio between plasma frequency and electron gyrofrequency is set to be 15 (typical value in the high-density
plasmasphere) [Albert and Bortnik, 2009]. Background ion compositions are taken to be 77% H+ + 20%
He++3% O+ (typical values during storm times) [Jordanova et al., 2008]. Monochromatic EMIC waves with
frequency 𝜔 are assumed to generate at the equator and propagate toward higher latitudes (|𝜆|≤ 24∘ to
confine the wave in helium band) with the constant Poynting flux Sw. The wave frequency is set to be close
to the Helium ion gyrofrequency 𝜔= 0.96ΩHe with a relatively large wave number k [Summers, 2005; Albert
and Bortnik, 2009; Su et al., 2012], allowing the occurrence of both fundamental and harmonic resonances
(see equation (24)). Previous statistical study [Loto’Aniu et al., 2005] found that Poynting fluxes of EMIC could
reach up to 25 μW m−2. In subsections 3.1–3.3 and 3.5 the value of Poynting flux is specified as Sw = 5 μW m−2

to investigate the nonlinear resonance process. Dependence of nonlinearity of wave-particle interaction on
Poynting flux strength is shown in subsection 3.4. The kinetic energies of test electrons are taken to be
5 MeV throughout this study. As the electron energy decreases, the magnetic mirror force decreases and
the nonlinearity of resonances at |l|=1 increases [e.g., Albert and Bortnik, 2009; Su et al., 2012]. However, the
decrease of electron energy reduces the parallel velocity, not conducive to the occurrence of |l|> 1 resonances
(see equation (24)).

3.1. Normal Angle Dependence of Nonlinearity
Figure 1 presents the schematic distribution of waves, resonance latitudes 𝜆l (l = 1, 2, 3), and mirror point
𝜆m. Since wave frequency 𝜔 is much less than electron gyrofrequency Ω, the cyclotron resonance condition
can be approximated as

kp cos𝜓 cos 𝛼 = −lqBD. (24)

In the undisturbed orbit, electrons with the same equatorial pitch angles 𝛼eq and kinetic energies Ek should
experience lth and −lth harmonic resonance almost at the same latitude 𝜆l . Higher |l| order harmonic
resonances should occur at lower latitudes 𝜆l with larger parallel momentum p cos 𝛼.

Figure 2 shows the latitudinal variation of wave magnetic field components with fixed Poynting fluxes
Sw = 5 μW m−2. Clearly, all these components decrease with latitude increasing. For parallel-propagating EMIC
waves, the parallel component Bz

w is zero and the perpendicular components Bx
w and By

w decrease from 8 nT at
𝜆 = 0∘ to 3 nT at 𝜆 = 24∘. Increase of wave obliquity leads to the decrease of Bx

w but the increase of By
w and Bz

w.

Figure 3 plots the inhomogeneity parameter Sr at different resonance orders l. With wave normal angle 𝜓
increasing, Sr increases at l = 1 but decreases at l ≠ 1, suggesting that higher wave obliquity allows weaker
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Figure 4. Electron trajectories (color coded according to the initial gyro phase 𝜑0) of fundamental resonance (l = 1) with wave normal angle 𝜓 = 20∘ in the
(a, e, i) 𝜆 − 𝛼eq, (b, f, j) 𝜆 − 𝜂, (c, g, k) 𝜆 − S, and (d, h, l) 𝜂 − 𝜈 planes. Three columns correspond to three examples initialized at different equatorial pitch angles
and latitudes. The black arrows represent the direction of electron motion.

nonlinearity of fundamental resonance but stronger nonlinearity of other harmonic resonances. As 𝛼eq

increases, Sr for both fundamental and harmonic resonances decreases significantly. Note that Sr of
fundamental resonance for EMIC waves with 𝜓 > 30∘ has a singularity around 𝛼eq =70∘ [Bell, 1984]. Sr at pos-
itive resonance orders l appears to be much larger than that at corresponding negative resonance orders
−l and higher absolute resonance orders |l| correspond to lager Sr. These results indicate that nonlinear
resonance is favored by a large 𝛼eq and a small positive l. In the following subsections 3.2–3.4, we focus on
the nonlinear resonances at |l| = 1 and 2.

3.2. Fundamental Cyclotron Resonance
Figure 4 gives three examples of fundamental resonance l = 1 with wave normal angle 𝜓 = 20∘. In each
example, 12 test electrons with the initial gyrophase 𝜑0 uniformly distributed in the range of 0–2𝜋 at the
latitude 𝜆0 are launched toward the Northern Hemisphere. The resonance occurs around the stationary point
(d𝜂∕d𝜆 = 0) of 𝜂 − 𝜆 curve. The resonance phase 𝜂r largely determines the sign of equatorial pitch angle
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Figure 5. Probability distribution of (a) phase trapping in 𝛼eq −𝜓 plane and (b) phase bunching with 𝛼eq = 60∘ in 𝜂r −𝜓
plane for fundamental cyclotron resonance.

change Δ𝛼eq. The first example represents the quasi-linear resonant scattering, during which both resonance
phases 𝜂r and equatorial pitch angle changesΔ𝛼eq of test electrons appear to be nearly random. In the second
example, the resonant phases are bunched in the range of 𝜋–2𝜋. As a result, the phase bunching during
l = 1 resonance mainly results in the positive changes of equatorial pitch angle Δ𝛼eq, not conducive to the
loss of electrons. For the third example, a part of electron trajectories in the 𝜂 − 𝜈 plane turn to be closed,
which is known as the phase trapping. These phase-trapped electrons experience a series of resonances, and
their equatorial pitch angles are reduced from 𝛼eq = 70∘ down to 40∘ within 1∕4 bounce period. This phase
trapping can effectively transport electrons toward loss cone, favoring the loss of electrons.

Figure 5a shows the occurrence rate of phase trapping as a function of equatorial pitch angle 𝛼eq and normal
angle 𝜓 . At an arbitrary grid point (𝛼eq, 𝜓 ), N = 24 × 40 test electrons are randomly distributed in the region
of 𝜑0 ∈ [0, 2𝜋] × 𝜆0 ∈ [0, 𝜆m] and launched toward the northern mirror point. The trapping occurrence rate
is directly defined as Pt = Nt∕N1 with the number N1 of electrons experiencing only l = 1 resonance and
the number Nt of electrons experiencing only l = 1 phase trapping. The peak trapping rate occurs around
𝛼eq = 77∘ with 𝜓 = 0∘. Clearly, as wave normal angle 𝜓 increases, the equatorial pitch angle interval with
phase trapping shrinks and the phase trapping rate for a given 𝛼eq decreases. Figure 5b plots the probability
distribution of resonance phases 𝜂r of untrapped electrons with 𝛼eq = 60∘ experiencing only l = 1 resonance
in the 𝜂r − 𝜓 space. The occurrence rate at a given grid point (𝜂r, 𝜓 ) is calculated as Pb = Nb∕N1 with Nb

representing the number of electrons in the bin Δ𝜂r = 𝜋∕6 × Δ𝜓 = 1∘. The increase of wave normal angle
leads to the expansion of resonance phase interval (i.e., weakening of phase bunching effect). These results
suggest that the nonlinear fundamental cyclotron resonance is generally favored for EMIC waves with small
normal angles, consistent with the prediction of inhomogeneity parameter Sr (Figure 3).

3.3. Harmonic Cyclotron Resonances
Three examples of phase bunching for l = −1, 2, and −2 harmonic cyclotron resonances with wave normal
angles 𝜓 = 45∘ are shown in Figure 6. In each example, the resonance phases of test electrons tend to con-
centrate in the range𝜋 < 𝜂r < 2𝜋. The sign of equatorial pitch angle changeΔ𝛼eq of phase bunched electrons
depends on the resonance orders. Phase bunching favors the loss of electrons (producing negative Δ𝛼eq) for
l = −1 and −2, but reduces the electron loss rate (producing positive Δ𝛼eq) for l = 2. Figure 7 presents three
examples of phase trapping for harmonic cyclotron resonances with normal angle𝜓 = 40∘. Contrary to phase
bunching, phase trapping is not conducive to electron loss for l = −1 and −2 but promotes the electron loss
for l = 2. Compared to fundamental resonance, harmonic resonances cause much weaker changes of equa-
torial pitch angles. For example, the maximum of |Δ𝛼eq| is about 15∘ for the l = 2 phase trapping (Figure 7e)
but increases to 30∘ for the l = 1 phase trapping (Figure 4i).

The probability distributions of phase trapping and phase bunching during three harmonic resonances are
provided in Figure 8. At an arbitrary grid point (𝛼eq, 𝜓 ), N = 24 × 40 test electrons are initialized randomly in
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Figure 6. Same as Figure 4 except for nonlinear phase bunching at harmonic cyclotron resonances with wave normal angle 𝜓 = 45∘.

the region of𝜑0 ∈ [0, 2𝜋] × 𝜆0 ∈ [0, 𝜆m]. They are launched toward the northern mirror point for the positive

resonance orders but toward the equator for the negative resonance orders. For a specific resonance order

l, we select the electrons undergoing the l-order resonance prior to other resonances, and then differentiate

between l-order phase trapping and bunching, and finally obtain the corresponding occurrence rates. Clearly,

the significant phase trapping and bunching can occur only for EMIC waves with large enough normal angles.

The threshold values of normal angle for phase trapping are about 𝜓 = 8∘, 5∘, and 30∘ at l = −1, 2, and −2,

respectively. For phase bunching at 𝛼eq = 50∘, the threshold values of normal angle are about 𝜓 = 30∘, 10∘

and 30∘ at l = −1, 2, and −2, respectively.

3.4. Transport Coefficients
Figures 9 and 10 show the comparison between transport coefficients from quasi-linear theory and test par-

ticle simulation with wave Poynting flux Sw = 0.01 and 5 μW m−2. For the small amplitude waves (Figure 9),

there is no obvious nonlinearity, and transport coefficients of two regimes agree well with each other
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Figure 7. Same as Figure 4 except for nonlinear phase trapping at harmonic cyclotron resonances with wave normal angle 𝜓 = 40∘ .

(except around those singular points). For the large amplitude waves (Figure 10), strong nonlinearity arises
and the test particle transport coefficients deviate significantly from the quasi-linear total transport coeffi-
cients particularly at the equatorial pitch angles 𝛼eq > 40∘.

Around 𝛼eq = 76∘, the test particle advection coefficients exhibit large negative values, contrary to the pre-
diction of quasi-linear theory. Figure 11 presents a group of electron trajectories initialized at 𝜆0 = −5∘ with
wave normal angle 𝜓 = 40∘ during one bounce period. All the electrons experience the l = ±1 cyclotron res-
onances while only about 1∕3 electrons undergo the l = ±2 cyclotron resonances. Phase trapping at l = 1
and phase bunching at l = −1 can be clearly identified. The net change of equatorial pitch angles is found to
be predominantly produced by the l = 1 phase trapping. As shown in Figure 5a, the decrease of normal angle
increases the occurrence rate of phase trapping at l = 1 and consequently increases the absolute values of
advection coefficients (Figure 10).

In the equatorial pitch angle range 𝛼eq = 40∘– 60∘, the test particle advection coefficients become larger
than the quasi-linear coefficients. Figure 12 exhibits the trajectories of electrons initialized with 𝛼eq = 58∘,
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Figure 8. Same with Figure 5 except for harmonic cyclotron resonances.

𝜓 = 40∘ and 𝜆0 = −5∘. All these electrons experience the cyclotron resonances at l = ±1 and ±2. Clearly,

there exist phase trapping at l = −1 and 2 and phase bunching at l = ±1 and ±2. Absolute values of equa-

torial pitch angle changes |Δ𝛼eq| at different resonance orders are comparable, but the transport directions

are dependent on the resonance orders (Figures 4, 6, and 7). Overlap of these nonlinear resonances leads to

approximately random changes of equatorial pitch angles. The corresponding test particle transport coeffi-

cients become relatively close to the quasi-linear prediction. With normal angle decreasing, the nonlinearity

decreases at the harmonic resonances (Figure 8) but increases at the fundamental resonance (Figure 5). The

strong nonlinear phase bunching at l = 1 can produce the positive advection coefficients at 𝛼eq = 40∘–60∘

(Figures 10a and 10c).

Figure 13 plots the dependence of test particle and quasi-linear diffusion coefficients (averaged over𝛼eq = 20∘

to 50∘) on the wave Poynting flux Sw. In the quasi-linear regime, the diffusion coefficient is proportional to

wave Poynting flux (see equation (22)). At each wave normal angle, there exists a threshold Poynting flux

beyond which the test particle diffusion coefficient starts to deviate from the quasi-linear prediction. This

threshold Poynting flux tends to increase as the wave normal angle increases. For 𝜓 = 0∘, 20∘, and 40∘, the

corresponding threshold values are about 1, 3, and 5 μW m−2, respectively.
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Figure 9. Bounce-averaged pitch angle (a, c, e) advection and (b, d, f ) diffusion coefficients from test particle simulation (circles) and quasi-linear theory (lines)
with wave Poynting flux Sw =0.01 μW m−2. Line color helps differentiate among the quasi-linear transport coefficients at different resonance orders and the total
coefficients.

3.5. Electron Phase Space Density Evolution
Figure 14 compares the temporal evolutions of quasi-linear and test particle electron phase space densities.
The initial phase space density F is assumed to be uniform outside the loss cone. The bounce-averaged diffu-
sion coefficients are directly input into the quasi-linear diffusion equation (17) with an additional term −F∕𝜏L

in the bounce loss cone (𝜏L is set to be a quarter of bounce period [Shprits et al., 2009b]). The corresponding
boundary conditions are given as 𝜕F∕𝜕𝛼eq = 0 at 𝛼eq = 0∘ and 90∘ [e.g., Shprits et al., 2009b; Su et al., 2009].

Figure 10. Same with Figure 9 except with wave Poynting flux Sw =5 μW m−2.
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Figure 11. Trajectories of a group of test electrons (color-coded according to the initial gyro phase 𝜑0) initialized with
𝛼eq = 76∘ and 𝜆0 = −5∘ for 𝜓 = 40∘ during a bounce period. In Figures 11b–11e, only the trajectories near resonance
points are shown.

We launch 24×100×85 test electrons uniformly distributed in the space𝜑0 ∈ [0, 2𝜋]×𝜆0 ∈ [−𝜆m, 𝜆m]×𝛼eq ∈
[5∘, 89∘] (𝜆m is the mirror latitude). The initial phase space density of a test electron at 𝛼eq = 𝛼0 is f0 = 1

24×100
,

and at an arbitrary time, the phase space density of this test electron is determined as [Omura et al., 2015]

f (t, 𝛼eq) =
G(p, 𝛼0)

G(p, 𝛼eq)
f0. (25)

with the weight function G given in equation (18). During the calculations, the test electrons with radial
locations less than 1 RE are considered to be lost to the atmosphere. At the initial stage (t < 1 s), the test par-
ticle phase space density profile exhibits a clear dip around 𝛼eq = 75∘ due to the nonlinear phase trapping
(Figure 10). As time goes on the test particle phase space density profiles are gradually flattened. The upper
pitch angle cutoff of test electron losses is about 82∘ at 𝜓 = 0∘ and becomes >87.5∘ at 𝜓 = 20∘ and 40∘,
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Figure 12. Same with Figure 11 except with the initial 𝛼eq = 58∘ .

much larger than the quasi-linear prediction of ∼75∘ (nearly independent of wave normal angle 𝜓 ). When
𝜓 = 0∘ and 20∘, the electron phase space densities from the quasi-linear calculation at t = 30 s and from the
test particle simulation at t = 27 s are roughly consistent with each other in the equatorial pitch angle range
𝛼eq < 75∘, indicating that the nonlinear electron loss timescale is 10% shorter than the quasi-linear predic-
tion. When 𝜓 = 40∘, the difference between the test particle and quasi-linear loss timescales is reduced to
<5% in the equatorial pitch angle range 𝛼eq < 75∘.
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Figure 13. Dependence of quasi-linear (solid lines) and test particle (symbols) pitch angle diffusion coefficients on wave
Poynting fluxes at different wave normal angles (color-coded).

Figure 14. Temporal evolutions of electron phase space densities F (dependent on equatorial pitch angle 𝛼eq) from
the quasi-linear theory (dashed) and the test particle simulations (solid) at different wave normal angles (a) 𝜓 = 0∘,
(b) 𝜓 = 20∘ and (c) 𝜓 = 40∘ , respectively. The plotted profiles are at the time points 0 s, 1 s, 3 s, 9 s, 15 s, 21 s, 27 s, and
30 s, respectively.
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4. Conclusions

Cyclotron resonant scattering by EMIC waves is widely believed to be an important physical mechanism
responsible for the rapid loss of high-energy radiation belt electrons [Thorne and Kennel, 1971; Bortnik et al.,
2006; Miyoshi et al., 2008; Su et al., 2011a, 2016]. Previous quasi-linear and test particle simulations [e.g., Li
et al., 2007; Albert and Bortnik, 2009; Shprits et al., 2009a; Su et al., 2010c, 2012; Omura and Zhao, 2012] usually
focused on the parallel-propagating EMIC waves. In fact, the oblique EMIC waves with wave normal angles
up to 𝜓 = 80∘ can frequently occur in the inner (2 < L < 6) magnetosphere [Saikin et al., 2015]. Here we
present the first study of nonlinear cyclotron resonant scattering of ultrarelativistic (Ek = 5 MeV) electrons by
obliquely propagating monochromatic EMIC waves. Our principal conclusions are as follows:

1. Both fundamental (l = 1) and harmonic (l = −1, 2, and −2) cyclotron resonances can exhibit significant
nonlinearity for oblique EMIC waves. Phase trapping at positive resonance orders (l = 1 and 2) and phase
bunching at negative resonance orders (l = −1 and −2) tend to transport electrons toward the loss cone,
favoring the precipitation loss of electrons. In contrast, electrons experiencing phase trapping at negative
resonance orders (l = −1 and −2) and phase bunching at positive resonance orders (l = 1 and 2) are
driven away from the loss cone. Test particle advection and diffusion coefficients are found to deviate sig-
nificantly from the quasi-linear prediction especially at large pitch angles 𝛼eq > 40∘. As the wave normal
angle increases, the differences between quasi-linear and test particle transport coefficients tend to be
reduced. At 𝛼eq = 40∘–60∘, the increase of wave normal angle leads to the overlapping of multiple nonlin-
ear resonances with different transport directions and then randomizes the motion of resonant electrons,
reducing the differences between transport coefficients of the two regimes. At 𝛼eq > 60∘, the nonlinear
phase trapping at l = 1 is dominant, which is unfavored for EMIC waves with large normal angles. Conse-
quently, higher wave normal angles allow the weaker deviation of test particle transport coefficients from
quasi-linear predictions at 𝛼eq > 60∘.

2. Compared to the quasi-linear prediction, these nonlinear resonances can produce a more rapid loss of ultra-
relativistic electrons over a wider pitch angle range. Quasi-linear losses of ultrarelativistic electrons mainly
occur in the equatorial pitch angle range 𝛼eq < 75∘, nearly independent of wave normal angle 𝜓 . In the
test particle simulations, the increase of wave normal angle tends to enlarge the upper pitch angle cut-
offs of nonlinear losses. At 𝜓 = 0∘, the upper pitch angle cutoff of nonlinear losses is about 𝛼eq = 82∘,
and it increases to 𝛼eq > 87.5∘ at 𝜓 = 20∘ and 40∘. At the linear resonant pitch angles 𝛼eq < 75∘, increase
of wave normal angle tends to reduce the difference between quasi-linear and nonlinear loss timescales.
When𝜓 = 0∘ and 20∘, the nonlinear electron loss timescale is 10% shorter than the quasi-linear prediction;
when 𝜓 = 40∘, the difference in loss timescales is reduced to <5%.
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