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Abstract Magnetic energy during the catastrophe was predominantly studied by the previous
catastrophe works since it is believed to be the main energy supplier for the solar eruptions. However,
the contribution of other types of energies during the catastrophe cannot be neglected. This paper studies
the catastrophe of the coronal ﬂux rope system in the solar wind background, with emphasis on the
transformation of diﬀerent types of energies during the catastrophe. The coronal ﬂux rope is characterized
by its axial and poloidal magnetic ﬂuxes and total mass. It is shown that a catastrophe can be triggered
by not only an increase but also a decrease of the axial magnetic ﬂux. Moreover, the internal energy of
the rope is found to be released during the catastrophe so as to provide energy for the upward eruption
of the ﬂux rope. As far as the magnetic energy is concerned, it provides only part of the energy release,
or even increases during the catastrophe, so the internal energy may act as the dominant or even the unique
energy supplier during the catastrophe.

1. Introduction
It is generally believed that the magnetic free energy is the main energy supplier for the solar eruptions, such
as ﬂares, prominence eruptions, and coronal mass ejections (e.g., Forbes, 2000; Low, 2001). The catastrophic
model of coronal magnetic ﬂux rope is a very promising scenario to serve as a possible mechanism for triggering these eruptions (e.g., Hu & Wang, 2005; Lin et al., 2003). The catastrophe, belonging to nonlinear instability
(Golubitsky, 1978; Saunders, 1980), requires a sudden transition of a ﬂux rope system evolving from a quasi
steady state into a dynamic state and is found to exist under certain conditions (e.g., Chen et al., 2006; Forbes &
Isenberg, 1991; Forbes & Priest, 1995; Guo & Wu, 1998; Hu, 2001; Hu et al., 2003; Isenberg et al., 1993; Lin et al.,
2001; Sun & Hu, 2005; Zhang et al., 2017). Within the catastrophe scenario, the magnetic energy which is stored
in the corona is suddenly released (Chen et al., 2007; Zhang et al., 2016), and then results in a destabilization
of the global magnetic ﬁeld topology and an upward eruption of the ﬂux rope.
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Many numerical simulations have been carried out to study the catastrophe in diﬀerent types of magnetostatic equilibrium background ﬁelds, for example, a dipolar ﬁeld or a partially open dipolar ﬁeld (Hu et al., 2003;
Li & Hu, 2003), a quadrupolar ﬁeld (Zhang et al., 2005), or other multipolar ﬁelds (Ding & Hu, 2006; Peng & Hu,
2005). It was found that a catastrophe could only take place when the magnetic energy of the system exceeds
a certain threshold. Li and Hu (2003) found that the catastrophic energy threshold is about 8% larger than the
corresponding fully open bipolar ﬁeld energy, irrespective as to whether the background ﬁeld is completely
closed or partly open, or whether the magnetic energy is enhanced by an increase of annular or axial ﬂux of
the ﬂux rope. Peng and Hu (2005) showed that the magnetic energy threshold is about 15% greater than the
energy in a partly open multipolar magnetic ﬁeld. Later, Sun and Hu (2005) extended the work of Hu et al.
(2003) by changing the background from magnetostatic equilibrium state to a steady solar wind. They found
that the magnetic energy exceeds the open ﬁeld energy by about 8% if the gravity is negligible but is raised
by an amount that approximately equals to the so-called excess gravitational energy associated with the ﬂux
rope mass.
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Most of the previous catastrophe studies presuppose the dominant role of the magnetic energy during the
catastrophe as the system magnetic ﬁeld is supposed to provide extra energy for the ﬂux rope eruption in
terms of raising the kinetic and gravitational energies of the rope. This is the case for catastrophes occurring
in solar active regions, where the magnetic ﬁeld dominates and the magnetic energy acts as the dominant
energy supplier. However, eruptions caused by catastrophes could also take place in solar quiet regions
(e.g., Chen et al., 2011; Subramanian & Dere, 2001; Zhou et al., 2003), where other types of energies in addition
to the magnetic energy may play subtle roles during the catastrophe. It is unknown whether the magnetic
energy in this case will still be the dominant energy supplier for the catastrophe of the rope, particularly of the
large-scale ﬂux rope in the solar wind background. This paper extends the work of Sun and Hu (2005) to study
the coronal ﬂux rope catastrophe, with emphasis on the energy transformation during the catastrophe. Furthermore, we will show that a catastrophe can be triggered by not only an increase but also a decrease of the
axial magnetic ﬂux of the rope, which has never been discussed before. Section 2 gives the basic equations,
numerical units, and simulation procedures. Section 3 shows the results of the ﬂux rope catastrophe and the
corresponding energy analysis. We conclude our work in Section 4.

2. Basic Equations and Solution Procedures
Following Sun and Hu (2005), we take spherical coordinates (r, 𝜃, 𝜑) and consider 2.5-dimensional (2.5-D)
𝜕
= 0). The 2.5-D ideal magnetohydrodynamics (MHD)
problems in the heliospheric meridional plane ( 𝜕𝜑
equations are derived as follows:
𝜕𝜌
+ ∇ ⋅ (𝜌v) = 0,
𝜕t

(1)

)]
)
(
(
GM
𝜕v
1
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1 [
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∇𝜌 +
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𝜕t
𝜌
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(
) [
(
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(3)

(4)
(5)

where 𝜌, v , T , and 𝜓 represent density, ﬂow velocity, temperature, and magnetic ﬂux function, respectively,
and r̂ and 𝜑̂ serve as the related unit vectors. The magnetic ﬁeld is expressed by
)
( 𝜓
𝜑̂ + B𝝋 ,
B=∇×
B𝝋 = B𝜑 𝜑,
̂
(6)
r sin 𝜃
and 𝜓 appearing in equation (2) serves as
𝜓 ≡

1
2
r sin2 𝜃

(

𝜕2 𝜓
1 𝜕 2 𝜓 cot 𝜃 𝜕𝜓
+
− 2
𝜕r2
r2 𝜕𝜃 2
r 𝜕𝜃

)
.

(7)

R is the gas constant, 𝜇 is the blue magnetic permeability of free space, G is the gravitational constant, Ms is the
mass of the Sun, and 𝛾 is the polytropic index which is set to be 1.05 in this paper. Note that taking 𝛾 = 1.05
rather than 𝛾 = 5∕3 is aimed at adding an extraneous heating of the solar corona, necessary for supersonic
solar wind solutions.

In the following numerical examples, the density and temperature at the base are set to be 𝜌0 = 1.67 ×
10−13 kg/m3 and T0 = 2×106 K, respectively. We take 𝜌0 , T0 and the solar radius R0 = 6.965×108 m as the basic
numerical (density, temperature, and length) units, whereas other numerical units are derived as follows:
√
v0 = RT0 = 1.818 × 105 m/s, t0 = R0 ∕v0 = 3.831 × 103 s,
√
P0 = 𝜌0 RT0 = 5.521 × 10−3 Pa, B0 = 𝜇0 𝜌0 v02 = 8.329 × 10−5 T,
𝜓0 = B0 R20 = 4.040 × 1013 Wb, and W0 =
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B20 R30
𝜇0

= 1.865 × 1024 J.
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During the calculation, the magnetic strength at the equator on the solar surface is set to be 2 × 10−4 T, so
its reading in numerical unit system is BE = 2.401 (2 × 10−4 ∕8.329 × 10−5 ), and the reading of the magnetic
ﬂux at the equator on the solar surface is 𝜓E = 2.401 accordingly. The solution is further assumed to be symmetrical with respect to the equator (𝜃 = 𝜋∕2), so that the computational domain is taken to be 1 ≤ r ≤ 215,
and 0 ≤ 𝜃 ≤ 𝜋∕2, discretized into 185 × 92 grid points. The grid spacing along the radial direction is set to
be uniform, 0.625 in between r′ = 10 and 30 and 3 in between r′ = 140 and 215, and increases according to
a geometric series of a common ratio 1.0689 in between r′ = 1 and 10 and 1.0207 in between r′ = 30 and
140. A uniform mesh is adopted in the 𝜃 direction. The multistep implicit scheme developed by Hu (1989)
is used to solve the MHD equations. The detailed solving procedures were described in Sun and Hu (2005)
and are summarized as follows. First, giving 𝜓(t, 1, 𝜃) = 𝜓E sin2 𝜃 , construct a steady solar wind solution with
a helmet streamer astride the equator. Second, let a ﬂux rope emerge from below the streamer base and
enter the streamer entirely. As to the ﬂux rope, it is characterized by Φ𝜑c , Φpc , and Mc : the axial magnetic ﬂux,
the poloidal magnetic ﬂux per unit radian, and the total mass per unit radian, respectively. Here the axial
and poloidal ﬂuxes correspond to the azimuthal and annular ﬂuxes in Sun and Hu (2005), respectively. Third,
adjust three parameters of the ﬂux rope according to
Φ𝜑 = 𝛼𝜑 Φ𝜑c , Φp = 𝛼𝜓 Φpc , M = 𝛼m Mc ,

(8)

where 𝛼𝜑 , 𝛼𝜓 , and 𝛼m are the adjustable constants. This adjustment will proceed until the catastrophe of the
ﬂux rope system takes place; that is, the catastrophic point is met. Finally, the energy analysis is achieved
based on
Wk + Wg + Wi + Wm = Wt = const,

(9)

where Wk , Wg , and Wi are the kinetic, gravitational, and internal energies inside the ﬂux rope; Wm is the total
magnetic energy of the whole system; and the total energy Wt is the sum of these energies. Equation (9) is
based on an assumption that the energy variation outside the rope is dominated by the magnetic energy.
One may refer to Appendix A for details about this assumption and the energy equation. To be consistent with
Sun and Hu (2005), the energy unit W0 is changed to 4𝜋B2E W0 = 1.351 × 1026 J. As a result, the potential ﬁeld
with the same magnetic ﬂux distribution at the base, that is, a dipolar ﬁeld, has an energy Wp = 1∕3, and the
corresponding open ﬁeld energy is 1.662Wp = 0.554.

3. Energy Analysis During the Catastrophe of the Flux Rope System
Following the simulations introduced above, we have constructed a steady solution with a helmet streamer
and a ﬂux rope in it. The three rope parameters are (Φ𝜑 , Φp , M) = (Φ𝜑c , Φpc , Mc ) = (0.048, 1.000, 0.239),
and the magnetic conﬁguration is shown in Figure 1a. For simplicity, only one of these parameters is adjusted
while the others remain invariant. Namely, we adjust one of the three multipliers (𝛼𝜑 , 𝛼𝜓 , 𝛼m ) in equation (8)
and ﬁx the other two to be 1 so as to ﬁnd the corresponding catastrophic points. Following Sun and Hu (2005),
we increase 𝛼𝜑 , 𝛼𝜓 or decrease 𝛼m until a catastrophic point is met, and the obtained multipliers turn out to
be (𝛼𝜑 , 𝛼𝜓 , 𝛼m ) = (1.12, 1, 1), (1, 1.04, 1), and (1, 1, 0.74), respectively. Each catastrophic point is labeled
by a set of multipliers (𝛼𝜑 , 𝛼𝜓 , 𝛼m ), as shown in Table 1. Also listed in the table are the kinetic energy Wk , the
gravitational energy Wg , and the internal energy Wi of the ﬂux rope, the magnetic energy Wm of the whole
system, and the sum of these energies (Wt ) right before and 10 hr after the catastrophe (see the values in the
ﬁrst and second rows of each catastrophic point). Besides, ΔWi , ΔWm , and ΔWt represent the related energy
variations during the 10 hr after catastrophe.
As the ﬂux rope is attached to the solar surface before eruption, the kinetic energy of the rope is zero as shown
in Table 1. During the catastrophe, the magnetic energy of the system and the internal energy of the ﬂux rope
are released, so the related variations and ΔWi and ΔWm are negative. On the other hand, the kinetic and gravitational energies of the ﬂux rope increase, indicating an upward eruption of the ﬂux rope. The total energy
Wt is found to be approximately conserved, and the relative diﬀerences |ΔWt |∕W t (W t ) is the averaged value
of the two listed total energies at each catastrophic point) are less than 3.1%. This implies that the released
magnetic energy and internal energy are responsible for the increase of the kinetic and gravitational energies.
Note that the contribution made by the internal energy is comparable to and even larger than that made by
the magnetic energy.
In addition to catastrophes caused by either increasing 𝛼𝜑 or 𝛼𝜓 or decreasing 𝛼m , as we have discussed
above, we found that a catastrophe can also be triggered as 𝛼𝜑 decreases. The resultant catastrophic point
ZHUANG ET AL.
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Figure 1. (a) Magnetic conﬁguration of the ﬂux rope system in steady state with (Φ𝜑 , Φp , M) = (0.048, 1.000, 0.239).
(b–d) Magnetic conﬁgurations associated with the erupting ﬂux rope at three separate times with
(Φ𝜑 , Φp , M) = (0.026, 1.000, 0.239). The red closed curves indicate the border of the ﬂux rope.

corresponds to (𝛼𝜑 , 𝛼𝜓 , 𝛼m ) = (0.54, 1, 1), leading to (Φ𝜑 , Φp , M) = (0.026, 1.000, 0.239), and the related
energies are listed in the last line of Table 1. Figures 1b–1d shows the magnetic conﬁgurations at three separate times associated with the eruption of the ﬂux rope. The magnetic energy and the internal energy are
both released, but the contribution made by the former is 0.0113, very small as compared with 0.1220 which
is made by the latter. In order to check whether the magnetic energy can increase during a catastrophe, we
tried another example in which (Φ𝜑c , Φpc , Mc ) = (0.054, 0.9, 0.255). The catastrophic points, labeled by
(𝛼𝜑 , 𝛼𝜓 , 𝛼m ), and the associated energies are listed in Table 2. The total energy Wt is also found to be approximately conserved, with the relative diﬀerences evaluated from the data given in Table 2 being less than 2.9%.
Most results are similar to those of the previous example, except the catastrophe caused by decreasing 𝛼𝜑 , as
listed in the last line of Table 2. The magnetic energy of the system increases instead during the catastrophe.
This indicates that the magnetic ﬁeld absorbs energy from the system during the catastrophe. The internal
energy turns out to be the only energy supplier for the catastrophe. Besides, additional information in Tables 1
Table 1
The Energies at the Catastrophic Points Labeled by (𝛼𝜑 , 𝛼𝜓 , 𝛼m ) for (Φ𝜑c , Φpc , Mc ) = (0.048, 1.000, 0.239)
(𝛼𝜑 , 𝛼𝜓 , 𝛼m )

(1.12, 1, 1)
(1, 1.04, 1)
(1, 1, 0.74)
(0.54, 1, 1)

Wk

Wg

Wi

Wm

Wt

ΔWi

ΔWm

ΔWt

−0.0899

−0.0522

0.0125

−0.0986

−0.0578

0.0231

−0.0797

−0.0483

0.0275

−0.1220

−0.0113

0.0069

0.0000

−0.0881

0.3501

0.6224

0.8844

0.0519

−0.0104

0.2602

0.5702

0.8719

0.0000

−0.0881

0.3445

0.6239

0.8803

0.0528

−0.0076

0.2459

0.5661

0.8572

0.0000

−0.0682

0.2733

0.6146

0.8197

0.0392

−0.0069

0.1936

0.5663

0.7922

0.0000

−0.0867

0.3546

0.5749

0.8428

0.0473

−0.0076

0.2326

0.5636

0.8359

Note. Wk , Wg , Wi are the kinetic, gravitational, and internal energies inside the ﬂux rope, respectively; Wm is the magnetic
energy of the whole domain; and Wt is the total energy derived by the sum of these energies. ΔWi , ΔWm , and ΔWt
correspond to the related energy variations during the 10 hr after catastrophe.
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Table 2
Same as Table 1 but Associated With (Φ𝜑c , Φpc , Mc ) = (0.054, 0.900, 0.255)
(𝛼𝜑 , 𝛼𝜓 , 𝛼m )

(1.31, 1, 1)
(1, 1.13, 1)
(1, 1, 0.29)
(0.26, 1, 1)

Wk

Wg

Wi

Wm

Wt

ΔWi

ΔWm

−0.1130

−0.0497

0.0184

−0.0948

−0.0561

0.0078

−0.0301

−0.0262

0.0191

−0.1577

0.0266

0.0000

−0.0945

0.3813

0.6147

0.9015

0.0576

−0.0078

0.2683

0.5650

0.8831

0.0000

−0.0943

0.3589

0.6224

0.8870

0.0569

−0.0081

0.2641

0.5663

0.8792

0.0000

−0.0290

0.1147

0.5934

0.6791

0.0135

−0.0053

0.0846

0.5672

0.6600

0.0000

−0.0949

0.3766

0.5313

0.8130

0.0556

−0.0043

0.2189

0.5579

0.8281

ΔWt

−0.0151

and 2 is given as (1) the magnetic ﬁeld of the system after the catastrophe in all examples will approach a fully
open one with the corresponding Wm close to 0.554 and (2) the total energy release derived by ΔWi + ΔWm
approximately equals to 1025 J, which is comparable to the energy release of about 1025 to 1026 J during a
major ﬂare event.

4. Conclusions and Discussions
We extend the work of Sun and Hu (2005) to study the catastrophe of the coronal ﬂux rope system in the solar
wind background by a 2.5-D MHD model. In this model, a ﬂux rope is characterized by its axial and poloidal
magnetic ﬂuxes and total mass. We analyze the kinetic, gravitational, and internal energies of the rope itself
as well as the magnetic energy of the whole system. As the rope magnetic ﬂuxes increase or the rope mass
decreases, a catastrophe can be triggered, leading to an upward eruption of the ﬂux rope. The internal energy
of the rope and the magnetic energy of the system are both released, leading to an increase of the rope kinetic
and gravitational energies. Furthermore, we ﬁnd that a catastrophe can also be triggered as the ﬂux rope
axial magnetic ﬂux decreases. In this case, the magnetic energy of the system provides a very small part of
the energy release, or even increase during the catastrophe. The contribution of the release made by the
internal energy is comparable to and even larger than that made by the magnetic energy. Furthermore,
the internal energy may serve as the unique energy supplier of the ﬂux rope catastrophe.
Note that we have taken an ideal MHD approximation, namely, magnetic reconnection is prohibited across the
current sheet formed via the erupting ﬂux rope. If magnetic reconnection is incorporated, then the magnetic
ﬁeld after catastrophe will approach a potential one, of which the magnetic energy is 1∕3 instead of 0.554,
the energy limit for a fully open ﬁeld. In this case, the magnetic energy will make a much larger contribution
to the catastrophe. Nevertheless, as for triggering the catastrophe, the internal energy of the ﬂux rope plays
an important role, which cannot be neglected.

Appendix A
Starting from the ideal MHD equations, one may derive the total energy equation as follows:
[(
) ]
[
]
(v ⋅ B)B
𝜕w
B2
+ ∇ ⋅ (wv) + ∇ ⋅ p +
v −∇⋅
= 0.
𝜕t
2𝜇0
𝜇0

(A1)

Here w is the energy density, expressed by
w = wk + w g + wi + wm ,

(A2)

where
wk =

GMs 𝜌
p
1 2
1 2
𝜌v , wg = −
, wi =
, and wm =
B
2
r
𝛾 −1
2𝜇0

(A3)

are the densities of kinetic, gravitational, internal, and magnetic energies, respectively. The total energy within
the coronal ﬂux rope is evaluated by
W=

ZHUANG ET AL.
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and its time rate reads
]
[
𝜕w
dW
=
+ ∇ ⋅ (wv) dV,
∫ ∫ ∫𝜓≥𝜓E 𝜕t
dt

(A5)

where the meaning of 𝜓E is the magnetic ﬂux at the ﬂux rope border. Inserting equation (A1) into equation (A5)
leads to
(
)
dWk dWg dWi dWm1
B2
+
+
+
+
(A6)
p+
vn d𝜎 = 0,
∯𝜓=𝜓E
dt
dt
dt
dt
2𝜇0
where Wk , Wg , Wi , and Wm1 are the kinetic, gravitational, internal, and magnetic energies within the ﬂux
rope, respectively. Note that the volume integral of the last term in equation (A1) vanishes since Bn = 0
at the border of the ﬂux rope. The surface integral in equation (A6) represents an energy ﬂux going outside the ﬂux rope. To avoid the complexity of calculating this surface integral, we presume that the energy
variation outside the ﬂux rope is dominated by magnetic energy, so the energy ﬂux mentioned above approximately equals the variation of the magnetic energy outside the rope, denoted by Wm2 hereafter. As a result,
equation (A6) becomes
dWt
d
(W + Wg + Wi + Wm ) =
= 0,
dt k
dt

(A7)

or Wk + Wg + Wi + Wm = Wt = const,

(A8)

where Wm = Wm1 + Wm2 serves as the total magnetic energy of the system as a whole. We calculate Wk ,
Wg , Wi , and Wm at diﬀerent times after catastrophe and found that equation (A7) or equation (A8) holds,
with the relative errors being within a few percent. This implies that the presumption mentioned above is
basically acceptable, and thus, equation (A8) may be used to quantitatively analyze the energy transformation
during catastrophe.
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