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Two-dimensional hybrid simulations are performed to investigate the parametric decay of a

monochromatic Alfven wave in low beta plasma. Both the linearly and left-hand polarized pump

Alfven waves are considered in the paper. For the linearly polarized pump Alfven wave, either a

parallel or obliquely propagating wave can lead to the decay along the perpendicular direction.

Initially, the parametric decay takes place along the propagating direction of the pump wave, and

then the decay occurs in the perpendicular direction. With the increase of the amplitude and the

propagating angle of the pump wave (the angle between the propagating direction of the pump

wave and the ambient magnetic field), the spectral range of the excited waves becomes broad in the

perpendicular direction. But the effects of the plasma beta on the spectral range of the excited

waves in perpendicular direction are negligible. However, for the left-hand polarized pump Alfven

wave, when the pump wave propagates along the ambient magnetic field, the parametric decay

occurs nearly along the ambient magnetic field, and there is no obvious decay in the perpendicular

direction. Significant decay in the perpendicular direction can only be found when the pump wave

propagates obliquely. VC 2013 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4816703]

I. INTRODUCTION

The observations by Helios and Ulysses have revealed

that large amplitude Alfven waves exist pervasively in the

fast solar wind.1–3 In the fast solar wind, both the sunward

and the antisunward propagating Alfven waves are observed,

and their amplitude ratio increases with the distance from the

Sun,4 which indicates the local production of sunward propa-

gating Alfven waves. In the relatively homogeneous fast so-

lar wind, without the large-scale velocity shears, the

parametric decay is believed to play an important role in pro-

ducing locally the sunward propagating waves.4–8 The para-

metric decay of parallel propagating Alfven waves with a

finite amplitude along the background magnetic field has

been investigated in low beta plasma by both theoretical and

simulation works.6,9–14 The parametric decay of a pump

Alfven wave can produce a forward ion acoustic wave and a

backward Alfven wave. The growth rate of the parametric

decay is found to increase with the increase of the amplitude

of the pump wave and the decrease of the plasma beta.15

Kinetic effect is also considered to play an important role in

the parametric decay. The ions can be heated by the resulted

ion acoustic wave; at the same time, the growth rate of the

instability and the range of the unstable modes are changed

due to ion dynamics.16–21 In particle-in-cell (PIC) simula-

tions of the parametric decay, which treat kinetically both

ions and electrons, the modified two-stream instability is

also found to be unstable, and the electrons are then

heated.14

Although the parametric decay of a monochromatic Alfven

wave has been thoroughly investigated by one-dimensional

(1-D) simulations, few studies have been devoted to studying the

instability with two-dimensional (2-D) simulations. 2-D analyti-

cal theory22 and simulations based on magnetohydrodynamics

(MHD)23–25 have shown that the parametric decay of parallel

propagating pump Alfven waves is essentially a one-dimensional

process, and after the saturation, a turbulent cascade transverse to

the field occurs due to the anti-propagating Alfven waves. With

a 2-D hybrid simulation model, Matteini et al.26 studied the

decay instability of a linearly polarized Alfven wave propagating

obliquely to the ambient magnetic field in low beta plasma, and

they found that the instability results in broad band oblique spec-

tra of coupled Alfvenic and compressive modes with large per-

pendicular wavevectors. In this paper, with 2-D hybrid

simulations, we investigate the parametric decay for both a line-

arly and left-hand polarized pump Alfven waves in low beta

plasma, and their different behaviors in the perpendicular decay

are compared.

This paper is organized as follows. In Sec. II, the plasma

parameters and simulation model are described. The simula-

tion results are illustrated in Sec. III. A summary and discus-

sions are given at last.

II. SIMULATION MODEL

A 2-D hybrid simulation model with periodic boundary

condition is used to study the parametric decay of a mono-

chromatic Alfven wave in low beta plasma. In hybrid simula-

tions, the ions are treated kinetically, while the electrons are

described as massless fluid.27–29 The simulations are per-

formed in the x� y plane, and the units of space and time are
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c=xpp (where c=xpp is the proton inertial length) and X�1
p

(where Xp ¼ eB0=mpc is the proton gyro-frequency, and B0 is

the ambient magnetic field), respectively. We initialize the

system using a monochromatic linearly polarized Alfven

wave dBw ¼ dBcosðxt� k0xÞez (where x and k0 are the fre-

quency and wave number of the wave) or a left-hand polarized

Alfven wave dBw ¼ dBcosðxt� k0xÞey � dBsinðxt� k0xÞez

with wave number k0c=xpp ¼ 0:21, and the wave propagates

along the x direction. hk0B0
denotes the angle between the

propagating direction of the pump wave and the ambient mag-

netic field B0 ¼B0ðcoshk0B0
ex þ sinhk0B0

eyÞ and is called as

the propagating angle. The associated bulk velocity is

du=VA ¼ �dBw=B0, and the dispersion relation of the pump

wave is x ¼ k0vAcosðhk0B0
Þ. Nine runs are performed. The

proton beta bi, the amplitude of pump wave dBz=B0, the prop-

agating angle hk0B0
, and the polarization of pump wave for

each run are shown in Table I.

In the simulations, the protons have Maxwellian distri-

butions. The number of grid cells is nx � ny ¼ 150� 150,

and the grid cell size is Dx ¼ Dy ¼ 1:0c=xpp. The electron

resistive length is set as Lr ¼ gc2=ð4pvAÞ ¼ 0:02c=xpp.

There are average �1200 macroparticles in every cell for the

protons. The time step is XpDt ¼ 0:025.

III. SIMULATION RESULTS

Figure 1 displays the time evolution of (a) the density

fluctuations hðdq=q0Þ2i1=2
(where q0 is the initial density)

and (b) the wave energy of the backward Alfven wave E�

(normalized to the initial pump wave energy E0 ¼ Eþ

ðt ¼ 0Þ) and the associated cross-helicity rc ¼ ðEþ � E�Þ=
ðEþ þ E�Þ for run 1. Here, Eþ(E�) refers to the pseudo-

energy of the wave propagating forward (backward) accord-

ing to the Els€asser variables, and the cross-helicity rc meas-

ures the Alfvenicity of the system.8,21,26 Density fluctuations

begin to increase at Xpt � 1200, which indicates the excita-

tion of a parametric instability. The instability saturates at

Xpt � 2500 with the amplitude of the density fluctuations

hðdq=q0Þ2i1=2 � 0:03. With the excitation of the density

mode, the energy of backward Alfven waves increases, while

the cross-helicity begins to decrease, and it drops to about

0.39 at the end of the simulation. This process is in good

agreement with the previous results of a decay instability.4,8

Figure 2 shows the characteristics of the kx � ky diagram

obtained from the fast Fourier transform (FFT) transforming

of dq=q0 and dBz=B0 at Xpt ¼ 0, 1500, and 2900 for run 1.

At Xpt ¼ 0, only the parallel propagating pump Alfven wave

(bottom left) with the initial wave number k0c=xpp ¼ 0:21

exists. With the excitation of the decay instability, a density

mode, whose dominant mode is parallel to the ambient mag-

netic field (also along the propagating direction of the pump

wave), is excited, and its wave number is about ksc=xpp

� 0:33, as shown at Xpt ¼ 1500. At the same time, a

backward daughter Alfven wave (bottom middle), which

propagates along the ambient magnetic field, appears.

The generation of the daughter Alfven wave is a consequence

of a three-wave coupling, and its wave number satisfies

the resonant condition k� ¼ jk0 � ksj � 0:12xpp=c. The

obliquely propagating density modes and daughter Alfven

waves are then excited. After the saturation of the parametric

decay, as shown at Xpt ¼ 2900 (up right), a broad range of

perpendicular wave numbers can be observed. The remark-

able property of the wide spectra is that all excited modes

have the same kx. It means that the resonant condition of the

three-wave coupling is still satisfied in the parallel direction

during the perpendicular decay of the pump wave. The har-

monics of the density mode with kx � 2ks � 0:66xpp=c can

also be found; however, these modes are much weaker and

insignificant in the parametric decay.

TABLE I. The simulation parameters for Run 1–9.

Run bi dBz=B0 hk0B0
ð8Þ Polarization

1 0.01 0.1 0 Linear

2 0.01 0.2 0 Linear

3 0.01 0.3 0 Linear

4 0.04 0.3 0 Linear

5 0.09 0.3 0 Linear

6 0.01 0.2 15 Linear

7 0.01 0.2 30 Linear

8 0.01 0.2 0 Left-hand

9 0.01 0.2 30 Left-hand

FIG. 1. Time evolution of (a) the density fluctuations hðdq=q0Þ2i1=2
and (b) the wave energy of backward propagating Alfven waves E� (solid line), and the

associated cross-helicity rc (dashed line) for run 1.
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The transverse modulation of the fluctuating density and

magnetic field during the parametric decay can be shown

more clearly in Fig. 3, which displays the 2-D spatial profile

of the fluctuating density dq=q0 and magnetic field compo-

nent dBz=B0 at Xpt ¼2900 for run 1. The modulation of the

fluctuating density and magnetic field across the ambient

magnetic field can be clearly observed, which indicates the

production of the obliquely propagating waves.

The effects of the amplitude of the pump wave, the

plasma beta, and the propagating angle of the pump wave on

the parametric decay are also investigated. Runs 1–3 con-

sider the effects of the amplitude of the pump wave, runs

3–5 investigate the effects of the plasma beta, and runs 6–7

describe the effects of the propagating angle of the pump

wave. Figure 4 shows (a) the time evolution of the density

fluctuations hðdq=q0Þ2i1=2
, the spectra of (b) the density fluc-

tuations and (c) the daughter Alfven waves versus ky for runs

1–3. The spectra are calculated as follow: first, a spectrum in

the kx � ky space is obtained by the FFT and then we obtain

the spectra of the density fluctuations and daughter Alfven

waves versus ky at the fixed kxc=xpp ¼ 0:33 and 0.12 for the

density fluctuations and daughter Alfven waves, respec-

tively. In Figs. 4(b) and 4(c), the spectra are calculated at

Xpt ¼ 2900, 1800, and 1200 for runs 1, 2, and 3, respec-

tively, and at that time, the perpendicular parametric decay

has already saturated. We can find that with the increase of

the amplitude of the pump wave, both the linear growth rate

and the amplitude of the density fluctuations at the saturation

FIG. 2. The contour of characteristics of the kx � ky diagram obtained from the FFT transforming of dq=q0 and dBz=B0 at Xpt ¼ 0, 1500, and 2900 for run 1.

k0, ks, and k� denote the wave number of the pump Alfven wave, the daughter density mode, and the daughter Alfven wave, respectively.

FIG. 3. The 2-D contour plots of the

fluctuating density dq=q0 and mag-

netic field component dBz=B0 at Xpt
¼ 2900 for run 1. Here, the fluctuating

magnetic field of pump wave has been

removed.
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stage of the instability increase, and the range of their wave

numbers in the perpendicular direction becomes broad.

In Fig. 5, we illustrate (a) the time evolution of the den-

sity fluctuations hðdq=q0Þ2i1=2
, the spectra of (b) the density

fluctuations and (c) the daughter Alfven waves versus ky at

Xpt ¼ 1200, 1300, and 2200 for runs 3, 4 and 5, respectively.

The time is chosen when the parametric decay has saturated.

The spectra are calculated as in Fig. 4. With the increase

of the plasma beta, the linear growth rate of the parametric

decay decreases; however, its effects on the amplitude of the

density fluctuations at the saturation stage are almost negligi-

ble. At the same time, the range of the spectra for both the

density fluctuations and daughter Alfven waves in the per-

pendicular direction almost does not change.

The decay of an oblique pump wave is also studied in

this paper. Figure 6 displays the characteristics of the kx � ky

diagram obtained from the FFT transforming of dq=q0 and

dBz=B0 at Xpt ¼ 0, 700, and 1200 for run 7. We can find that

with the excitation of the parametric decay, both the density

mode ks (up middle) and daughter Alfven mode k� (bottom

middle) can be observed. Consistent with the results of

Matteini et al.,26 the parametric decay initially takes place

along the propagating direction of the pump wave, and it sat-

isfies the three-wave coupling condition k� ¼ jk0 � ksj
� j0:21� 0:33j ¼ 0:12xpp=c. After the saturation of the

decay, a broad spectral range of both the magnetic (bottom

right) and density (up right) fluctuations in the perpendicular

direction can be observed.

Figure 7 shows (a) the time evolution of the density fluc-

tuations hðdq=q0Þ2i1=2
, the spectra of (b) the density fluctua-

tions and (c) the daughter Alfven waves versus k? at

Xpt ¼ 1800, 1500, and 1100 for runs 2, 6, and 7, respectively.

A spectrum in the kx � ky space is first obtained by the FFT,

and then it is converted to the kk � k? space. At last, the spec-

trum of the density fluctuations and daughter Alfven waves

versus k? is obtained at the fixed kkc=xpp ¼ 0:33cosðhk0B0
Þ

and 0:12cosðhk0B0
Þ for the density fluctuations and daughter

Alfven waves, respectively. We can find that with the increase

of the propagating angle of the pump wave, the spectral range

of the excited waves in the perpendicular direction becomes

broad. However, its effects on both the linear growth rate and

the amplitude of the decay are negligible.

Next, we investigate the parametric decay of a left-hand

polarized pump Alfven wave. Figure 8 displays the time evo-

lution of (a) the density fluctuations hðdq=q0Þ2i1=2
(where q0

is the initial density) and (b) the wave energy of the backward

Alfven wave E�(normalized to the initial pump wave

energy E0 ¼ Eþðt ¼ 0Þ) and the associated cross-helicity

rc ¼ ðEþ � E�Þ=ðEþ þ E�Þ for run 8. Density fluctuations

begin to increase at Xpt � 150 and saturate at Xpt � 500 with

the amplitude of the density fluctuations hðdq=q0Þ2i1=2

� 0:25. With the excitation of the density mode, the energy

of the backward Alfven waves also increases. Both the den-

sity fluctuations and the excitation of the backward waves

indicate the occurrence of the decay instability, which results

in a drop of the cross-helicity to �0.9.

FIG. 4. (a) Time evolution of the density fluctuations hðdq=q0Þ2i1=2
, the spectra of (b) the density fluctuations and (c) the magnetic field fluctuations versus

ky ðk?Þ at Xpt ¼ 2900, 1800, and 1200 for runs 1 (black lines), 2 (blue lines), and 3 (red lines).

FIG. 5. (a) Time evolution of the density fluctuations hðdq=q0Þ2i1=2
, the spectra of (b) the density fluctuations and (c) the magnetic field fluctuations versus

ky ðk?Þ at Xpt ¼1200, 1300, and 2200 for runs 3 (red lines), 4 (blue lines) and 5 (black lines).
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FIG. 6. The contour of characteristics of the kx � ky diagram obtained from the FFT transforming of dq=q0 and dBz=B0 at Xpt ¼ 0, 700, and 1200 for run 7.

k0, ks, and k� denote the wave number of the pump Alfven wave, the daughter density mode, and the daughter Alfven wave, respectively. The black lines rep-

resent the kk � k? frame.

FIG. 7. (a) Time evolution of the density fluctuations hðdq=q0Þ2i1=2
, the spectra of (b) the density fluctuations and (c) the magnetic field fluctuations versus k?

at Xpt ¼1800, 1500, and 1100 for runs 2 (red lines), 6 (blue lines), and 7 (black lines).

FIG. 8. Time evolution of (a) the

density fluctuations hðdq=q0Þ2i1=2
and

(b) the wave energy of backward prop-

agating Alfven waves E� (solid line),

and the associated cross-helicity rc

(dashed line) for run 8.
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FIG. 9. The contour of characteristics of the kx � ky diagram obtained from the FFT transforming of dq=q0 and dBz=B0 at Xpt ¼ 0, 400, and 1000 for run 8.

k0, ks, and k� denote the wave number of the pump Alfven wave, the daughter density mode, and the daughter Alfven wave, respectively.

FIG. 10. The contour of characteristics of the kx � ky diagram obtained from the FFT transforming of dq=q0 and dBz=B0 at Xpt ¼ 0, 600, and 1200 for run 9.

k0, ks, and k� denote the wave number of the pump Alfven wave, the daughter density mode, and the daughter Alfven wave, respectively. The black lines rep-

resent the kk � k? frame.
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Figure 9 illustrates the characteristics of the kx � ky dia-

gram obtained from the FFT transforming of dq=q0 and

dBz=B0 at Xpt ¼ 0, 400, and 1000 for run 8. At Xpt ¼ 0, only

the parallel propagating pump Alfven wave (bottom left)

with the initial wave number k0c=xpp ¼ 0:21 exists. With the

excitation of the decay instability, both a density mode

ksc=xpp � 0:33 and a backward daughter Alfven k�c=xpp

� 0:12 appear along the ambient magnetic field (also along

the propagating direction of the pump wave k0), as shown at

Xpt ¼ 400. The parametric decay is the process of three-

wave coupling, and the above wave numbers satisfy the reso-

nant condition: k� ¼ jk0 � ksj. Unlike the decay instability of

the linearly polarized Alfven wave in Fig. 2, no strong per-

pendicular decay is observed in this simulation. As shown at

Xpt ¼ 1000, both the dominant density and magnetic modes

propagate mainly along the ambient magnetic field.

We also show the parametric decay of the obliquely prop-

agating pump wave with left-hand polarization in Fig. 10,

which displays the characteristics of the kx � ky diagram

obtained by the FFT transforming of dq=q0 and dBz=B0 at

Xpt¼0, 600, and 1200 for run 9. We can find that the paramet-

ric decay initially takes place along the propagating direction

of the pump wave, and both the density mode ks (up middle)

and daughter Alfven mode k� (bottom middle) are excited,

which propagate mainly along the initial propagating direction

and satisfy the three-wave coupling condition k� ¼ jk0 � ksj
� j0:21� 0:33j ¼ 0:12xpp=c. After the saturation of the

decay, the strong perpendicular decay can also be observed,

and there is a broad spectral range of both the magnetic

(bottom right) and density (up right) fluctuations in the per-

pendicular direction.

IV. CONCLUSION AND DISCUSSIONS

By employing 2-D hybrid simulations, the parametric

decay of a monochromatic Alfven waves in low beta plasma

is investigated. The decay first occurs along the propagating

direction of the pump wave, and both a forward density

mode and a backward daughter Alfven wave are excited,

which satisfy the resonant condition of a three-wave cou-

pling. For a linearly polarized pump wave, either a parallel

or obliquely propagating wave can lead to the decay along

the perpendicular direction, while for a left-hand polarized

pump wave, only an obliquely propagating wave can gener-

ate the perpendicular decay. Recently, Verscharen et al.30

have also investigated the parametric decay of oblique

Alfven waves in two-dimension hybrid simulations. In their

simulation, the daughter waves are found to be mainly along

the initial propagating direction of the pump wave and they

conjecture that the initial wave propagating vector is the

most important guiding direction and will determine the

daughter wave propagation vector. However, our results

show that besides the decay along the initial propagating

direction, the perpendicular decay is also noteworthy. Their

different results are probably due to the short time period

(�500 X�1
p ) in their simulations.

The obliquely propagating Alfven waves are considered

to be able to stochastically heat the plasma and may have

relevance for the heating of ions in the solar corona.31–34 Our

simulations imply that the parametric decay of a parallel or

obliquely pump Alfven wave provides a mechanism for the

generation of obliquely propagating Alfven waves, and its

role in the plasma heating is our future investigation.
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