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Key Points:
• Discrete emissions are generated
nonlinearly with optimum conditions
• For hiss-like emissions, both occurrence
rate and amplitudes increase
with Nh/Nt
• The discrete emissions likely occur
with a limited range in Nh/Nt
and Bw
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electron (~1 to 30 keV) density to total electron density (Nh/Nt), whereas nonlinear wave theory suggests that
an optimum linear growth rate is required to generate rising tone chorus from hiss-like emissions. Using
the Time History of Events and Macroscale Interactions during Substorms waveform data collected by three
probes over the past ~5 years, we investigate the correlation between Nh/Nt and wave amplitude/wave
occurrence rate for rising tone, falling tone, and hiss-like emissions separately. Statistical results show that
the rising and falling tones preferentially occur in the region with a limited Nh/Nt range, whereas both the
occurrence rate and wave amplitudes of hiss-like emissions become larger for higher values of Nh/Nt. Our
statistical results not only provide an important clue on the generation mechanism of hiss-like emissions, but
also provide supporting experimental evidence for the nonlinear theory of generating rising tone chorus.

1. Introduction
Whistler mode waves are intense electromagnetic emissions that occur ubiquitously in the Earth’s inner
magnetosphere, typically in two distinct frequency bands: a lower band (0.1–0.5 fce, where fce is the electron
gyrofrequency) and an upper band (0.5–0.8 fce) with a gap in wave power at 0.5 fce [Burtis and Helliwell, 1969;
Tsurutani and Smith, 1974, 1977; Koons and Roeder, 1990; Meredith et al., 2001; Li et al., 2012]. The whistler
mode wave emissions are generally believed to be excited in the vicinity of the geomagnetic equatorial plane
[LeDocq et al., 1998; Lauben et al., 2002; Santolik et al., 2005; Li et al., 2009], but another source region may also
be present at high latitudes in the dayside magnetosphere [Tsurutani and Smith, 1977; Tsurutani et al., 2009].
Because they provide efﬁcient energy diffusion through cyclotron resonances, whistler mode waves are
fundamentally important for accelerating seed electrons to highly relativistic energies [Summers et al., 1998;
Meredith et al., 2001; Horne et al., 2005; Cattell et al., 2008; Thorne et al., 2013]. On the other hand, they can also
scatter electrons into the loss cone leading to precipitation into the upper atmosphere, which is an important
loss process in the radiation belts and provides a major source of energy for the diffuse and pulsating aurora
[Horne and Thorne, 2003; Ni et al., 2008, 2011; Nishimura et al., 2010, 2013; Thorne et al., 2005, 2010].
The generation mechanism of whistler mode emissions in the magnetosphere has been a long-standing problem
and received intense attention but has not yet been fully understood. The theory of Kennel and Petschek [1966],
who evaluated linear growth rates for weakly growing whistler mode waves, works well for evaluating the linear
phase of whistler mode wave instability [e.g., Li et al., 2009]. However, nonlinear theory is required to explain the
generation of discrete rising tone chorus [Omura et al., 2008; Omura and Nunn, 2011]. The essential feature of
nonlinear theory is the resonant current formed by the electromagnetic electron hole in the velocity phase space
[Omura et al., 2008]. However, direct observational evidence of this electron hole, which rotates with the local
electron gyrofrequency, is far beyond the detection capability of current particle instruments. Another possible
way to test the theory is to compare the observed frequency sweep rates with those obtained from the theory.
Cully et al. [2011] showed good agreement between frequency sweep rates observed by the Time History of Events
and Macroscale Interactions during Substorms (THEMIS) probes and those obtained from the nonlinear wave
growth theory. However, Tao et al. [2012] found that the sweep rates observed from THEMIS can also be well
predicted by alternate theories proposed by Helliwell [1967] and Trakhtengerts [1995]. Therefore, more
observational evidence is still needed to test these nonlinear wave excitation theories.
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The nonlinear wave growth theory also suggested that an optimum amplitude of the triggering waves is a
key parameter to generate rising tone chorus emissions [Omura and Nunn, 2011]. More recently, Hikishima
and Omura [2012] have conﬁrmed this optimum wave amplitude condition by performing a self-consistent
electromagnetic particle simulation. In their simulation, the rising tone emissions can only be generated if
the initial wave amplitude of triggering emissions is close to the optimum wave amplitude. The triggering
emission injected in their simulation to generate rising tone chorus is similar to the waves generated from the
thermal noise by linear instability. Therefore, we expect that initial linear growth rate is closely related to
whether the rising tone chorus can be generated from the hiss-like emissions.
Since the ratio of the hot electron (~1 to 30 keV) density to the total electron density (Nh/Nt) is proportional
to the linear growth rate [Kennel and Petschek, 1966], in the present paper, we evaluate the correlation between the
Nh/Nt and the wave amplitude/occurrence for discrete (rising or falling tones) elements and hiss-like emissions
separately. By analyzing ~5 years of the THEMIS waveform data and the corresponding value of Nh/Nt, we attempt
to test these linear and nonlinear wave generation mechanisms for whistler mode waves.

2. THEMIS Data Analysis
The THEMIS spacecraft with apogees above 10 RE and perigees below 2 RE [Angelopoulos, 2008] is well suited
to measure whistler mode emissions in the near-equatorial magnetosphere. These whistler mode waves can
be measured by the Search-Coil Magnetometer (SCM) [Le Contel et al., 2008; Roux et al., 2008] and Electric
Field Instrument (EFI) [Bonnell et al., 2008]. Several waveform bursts, each lasting about 6–8 s, are recorded
per day simultaneously from SCM and EFI with a sampling frequency of up to ~16 kHz. Wave bursts have
not been triggered completely randomly, but this will not affect our essential conclusion since we investigate
the relative occurrence of each type of emission. The magnetic wave burst data are mainly utilized to
analyze the polarization properties of the whistler mode waves. The background magnetic ﬁeld intensity
measured by the ﬂuxgate magnetometer (FGM) [Auster et al., 2008] is used to calculate the electron
gyrofrequency. The hot electron density is obtained from the electrostatic analyzer (ESA) instrument
[McFadden et al., 2008], which can measure electron distributions from several eV to ~30 keV. The total
electron density is inferred from the spacecraft potential and the electron thermal speed measured by the EFI
and ESA instruments, respectively [Li et al., 2010]. In our data set, we exclude the whistler mode waves observed
outside the magnetopause or inside the plasmapause following the method described by Li et al. [2010].
Following the procedure developed by Bortnik et al. [2007] (essentially an implementation of Means [1972]),
we analyze the three components of magnetic ﬁelds (rotated into the ﬁeld-aligned coordinate system) from
wave burst data to obtain the polarization parameters of whistler mode waves. These calculated wave
polarization parameters have a time resolution of ~0.032 s, which is much shorter than the typical temporal
duration of each discrete chorus element (a few tenths of seconds [e.g., Cully et al., 2008; Santolik et al., 2008;
Macusova et al., 2010]). The high polarization ratio (Rp), deﬁned as the ratio of polarized power to total
power, indicates the high reliability of the calculated wave polarization parameters [Bortnik et al., 2007].
Since the whistler mode waves typically have large polarization ratios and ellipticities close to ~1, we only
record wave polarization parameters when Rp > 0.9 and ellipticity > 0.7 [e.g., Tsurutani et al., 2009]. Because
only the magnetic ﬁelds are analyzed in the procedure, there is an inherent 180° ambiguity in the wave
normal direction. Therefore, we convert all the wave normal directions into values less than 90°.

3. Observational Results
During the period from 1 June 2008 to 1 June 2013, all the waveform data from the three inner probes
(THEMIS A, D, and E) between 5 and 10 RE are included in our data set of whistler mode wave emissions.
Note that we only focus on analyzing lower band waves in the present study. Whistler mode waves in the
inner magnetosphere exhibit three kinds of structure when shown in the frequency-time spectrogram: rising
tones, falling tones, and hiss-like emissions. Representative examples of a rising tone, a falling tone, and a
hiss-like emission are given in Figure 1. The top row shows a ﬂag, which is used to identify whether the
whistler mode emissions are rising tones (ﬂag = 1), falling tones (ﬂag = 1), or hiss-like emissions (ﬂag = 0),
and the ﬂag is set to “NaN” if whistler mode waves are not detected. For each wave event, at one recording
time, if the maximum magnetic spectral density between 0.1 and 0.5 fce is smaller than 1% of the maximum
magnetic spectral density of this entire wave event, we assume that whistler mode waves are not detected at
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Figure 1. (top row) A ﬂag used to classify the emission, (middle row) the frequency-time spectral density of the wave magnetic ﬁeld, and (bottom row) the wave
normal angle for three wave events: (ﬁrst column) rising tones, (second column) falling tones, and (third column) hiss-like emissions, respectively. In the last two
rows, the solid and dashed horizontal lines in white or black represent 0.1 and 0.5 fce, respectively.
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this time. At each recording time (with the time resolution of 0.032 s), the frequency corresponding to the
maximum magnetic spectral density is recorded after smoothing the adjacent three points in frequency.
Then we calculate the frequency sweep rate using the ﬁve adjacent points in time. If the sign of the frequency
sweep rate remains positive (or negative) for longer than 0.1 s, the ﬂag is set to 1 (or 1); otherwise, it is set to
0. This procedure is similar to that of Li et al. [2012]. As shown in the bottom row, the rising tone and hiss-like
emission are nearly ﬁeld aligned, while the falling tone is very oblique. These results are consistent with those
shown by Li et al. [2012].
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Figure 2. Time evolution of (a) the electron energy ﬂux for various energies measured by ESA onboard THEMIS E, (b) the hot electron density
Nh and total electron density inferred from spacecraft potential Nt, and (c)
the ratio of hot electron density to total electron density (Nh/Nt). In
Figure 2a, the white line indicates the minimum resonant energy for the
whistler mode wave with a frequency of 0.5 fce.
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A wave burst is deﬁned as a recording
lasting about 6–8 s, similar to the
examples shown in Figure 1. During a
wave burst, if whistler mode waves
are observed, this wave burst is referred
to as a wave event. In our database,
the total number of wave events for
rising tones, falling tones, and hiss-like
emissions is 1310, 187, and 1688,
respectively. For some wave events,
in which both discrete (rising or falling
tone) and hiss-like emissions coexist,
we ignore the hiss-like wave and only
regard them as the discrete (rising or
falling tone) wave events, since the
discrete emissions almost always have
the dominant intensity compared to the
coexisting hiss-like emissions in these
events. For one wave event (lasting
6–8 s), at each recording time when
the ﬂag is consistent with its category,
the wave amplitude Bw is calculated by
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Figure 3. Global distribution of (top row) the occurrence rate, (middle row) wave amplitude Bw, and (bottom row) Nh/Nt in
the L-MLT domain for three types of whistler mode wave emissions.

integrating the magnetic spectral density over the frequency from 0.1 to 0.5 fce. Subsequently, the wave
power Bw2 is averaged over the time when the corresponding wave emissions exist (the ﬂag has a value of
1, 0, or 1) and used to characterize each wave event.
As mentioned above, the ratio of the hot electron density to the total electron density is closely related to
the excitation of whistler mode waves. Figure 2 shows an example of how the ratio of hot to total electron
density (Nh/Nt) is obtained. Figure 2a illustrates the time evolution of the electron ﬂux as a function of
energy measured by ESA onboard THEMIS E on 8 May 2013, where a white solid line indicates the minimum
electron resonant energy, Emin, for a wave frequency of 0.5 fce. This minimum electron resonant energy is

given by E min ¼ B20 =8πNt ðf ce =f Þð1  f =f ce Þ3 (where B0 is the background magnetic ﬁeld intensity) [Kennel
and Petschek, 1966]. Then the density of hot electrons resonant with the lower band whistler mode waves is
obtained by integrating the density over the energy from Emin to ~30 keV, which is the upper limit of the ESA
energy channel, and is denoted by the red line in Figure 2b. The black line in Figure 2b indicates the total
electron density, which is inferred from the spacecraft potential and the electron thermal speed and has
an uncertainty generally within a factor of 2 [Li et al., 2010]. However, this uncertainty does not affect our
essential conclusion, since we evaluate the overall trend between the ratio of Nh/Nt and the whistler mode
wave amplitude as discussed below. Finally, the ratio of hot electron density to total electron density is shown
in Figure 2c. Note that the values of Emin, Nt, Nh, and Nh/Nt in Figures 2a–2c are only shown in the region
above 5 RE, where our statistical analysis for the whistler mode waves was performed.
The global distribution of the occurrence rates, wave amplitudes, and Nh/Nt for the three wave categories
in the L-MLT (magnetic local time) domain is illustrated in Figure 3 with a bin size of 0.5 L × 1 MLT. The
color bar in the top row represents the occurrence rate, which is the ratio between the number of wave
events in each bin and the number of the total wave bursts regardless of the presence of whistler mode
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Figure 4. Distribution of the occurrence rate as a function of Nh/Nt and Bw for (a) rising tones, (b) falling tones, and (c) hiss-like emissions, respectively.

waves in the same bin. Note that the statistical signiﬁcance on the nightside particularly at <8 RE is limited
due to the small number of wave bursts collected. The color bars in the middle row and bottom row
represent the root-mean-square wave amplitude Bw and the mean value of Nh/Nt in each bin with more
than two wave events. The global distribution of the occurrence rates for the three wave categories is
generally consistent with previous results [Li et al., 2011a, 2012] and is shown here just as a reference. In the
middle row, for rising and falling tones, the wave amplitude is large at low L shells and decreases with an
increasing L shell. However, for the hiss-like emissions, the large wave amplitudes preferentially occur
from the premidnight to the prenoon sector at nearly all L shells. Interestingly, for the hiss-like emissions,
the region with the high Nh/Nt (bottom row) is nearly the same as that with the high wave amplitudes
(middle row). Therefore, the wave amplitude of the hiss-like emission is likely to be closely correlated
with Nh/Nt. However, there is no apparent correlation between Bw and Nh/Nt for the discrete emissions.
As shown in the bottom row, the distribution of Nh/Nt for the rising and falling tones is almost uniform in
the L-MLT region, where these emissions have ﬁnite occurrence rate, except for several bins with slightly
larger values mostly near the dawn sector.
Figure 4 shows the distribution of wave events in the Nh/Nt and Bw domain for each category of whistler
mode wave emission. The color bar indicates the occurrence rate in each bin, which is the ratio between the
number of wave events in each bin and the total number of wave events in its corresponding category. In
Figure 4a, it is clearly shown that rising tones have a very high occurrence rate in the region with Nh/Nt from
0.013 to 0.3 and the wave amplitude from 32 pT to 256 pT. However, when Nh/Nt or Bw is too small or too
large, the occurrence rate is quite low. The same trend can also be found in Figure 4b. The falling tones
usually have smaller wave amplitudes and preferentially occur in the region with Nh/Nt from 0.013 to 0.3 and
the wave amplitude from 8 pT to 32 pT. However, for the hiss-like emissions, a very different trend is shown in
Figure 4c. With the increase of Nh/Nt, the occurrence rate of hiss-like emissions generally increases, and the
corresponding wave amplitudes become larger.

4. Conclusion and Discussion
We have utilized the waveform data from the THEMIS spacecraft to evaluate the global distribution of the
wave amplitude Bw and the ratio of hot electron density to total electron density (Nh/Nt) for rising tones,
falling tones, and hiss-like emissions, respectively. The preferential regions for the occurrence of the three
types of emissions are further studied as a function of Bw and Nh/Nt in order to identify optimum excitation
conditions for each category. For rising and falling tones, the wave amplitude is relatively large at low L shells
(<~8) and decreases as the L shell increases. The corresponding distribution of Nh/Nt for rising and falling
tones is almost uniform in the L-MLT domain. The rising (falling) tones are preferentially observed in the
region with Nh/Nt from 0.013 to 0.3 and the wave amplitude from 32 pT to 256 pT (from 8 pT to 32 pT).
However, for the hiss-like emissions, the waves with large amplitudes preferentially occur in the region
where Nh/Nt is also high, extending from the nightside to the prenoon sector. Furthermore, with the increase
of Nh/Nt, both the occurrence rates and wave amplitudes of hiss-like emissions generally increase.
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For the hiss-like emissions, as shown in Figures 3 and 4, the wave amplitudes and occurrence rates are closely
correlated with Nh/Nt. The correlation coefﬁcient between log(Bw) and log(Nh/Nt) is about 0.33, indicating
a fairly good correlation between them. This overall trend is consistent with the linear theory of whistler
mode waves [Kennel and Petschek, 1966; Li et al., 2011b], where the linear growth rate is proportional to Nh/Nt.
However, recent studies showed that hiss-like emissions can also be generated through nonlinear growth
when the background magnetic ﬁeld inhomogeneity is very small [Katoh and Omura, 2013; Shoji and Omura,
2014]. The relatively small correlation coefﬁcient (~0.33) between log(Bw) and log(Nh/Nt) may be related to
the fact that some of these hiss-like emissions are generated in the region with very small inhomogeneities,
or other factors which are not discussed here (e.g., the anisotropy). In addition, a comparison of the frequency
ranges obtained from the linear theory and observations would provide important clues for understanding
the wave generation mechanisms, and an statistical survey of the correlation among the observed frequency
ranges, wave amplitudes, and Nh/Nt would be an interesting extension of the present study.
However, for the discrete (rising and falling tones) emissions, there is no signiﬁcant correlation between
the wave amplitude and the Nh/Nt (Figures 3 and 4), and linear theory is not capable of explaining their
properties. In addition, the correlation coefﬁcients between log(Bw) and log(Nh/Nt) for rising and falling
tones are 0.002 and 0.16, respectively. Interestingly, the discrete emissions preferentially occur in the region
within a limited range in Nh/Nt. This supports the nonlinear wave growth theory [Omura et al., 2008, 2012],
which suggests that an optimum amplitude of triggering waves is a key parameter of generating rising
tone emissions [Omura and Nunn, 2011]. This optimum wave amplitude condition has also been conﬁrmed
by the self-consistent full particle simulations [Hikishima and Omura, 2012]. Omura and Nunn [2011]
estimated the optimum wave amplitude for one rising tone event observed by Cluster at L = 4.5, which
is about 100–500 pT according to Figure 6a in their paper. Their result is fairly close to our statistical result
(32–256 pT), which was obtained from various locations with different plasma parameters.
Overall, our statistical results provide supporting experimental evidence for the nonlinear theory of
generating rising tone chorus and also provide an important clue as to the generation mechanism of hiss-like
emissions. Although the generation mechanism of falling tones, which typically have very oblique wave
normal angles [e.g., Li et al., 2012], is still an open question, our statistical results suggest that their generation
may not simply be explained by linear theory. Future investigation is needed to further explore their
generation mechanism.
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