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Abstract The bandwidths and coherence coefﬁcients of lower band whistler mode waves are analyzed
using Time History of Events and Macroscale Interactions during Substorms (THEMIS) waveform data for
rising tones, falling tones, and hiss-like emissions separately. We also evaluate their dependences on the
spatial location, electron density, the ratio of plasma frequency to local electron gyrofrequency (fpe/fce), and
the wave amplitude. Our results show that the bandwidth normalized by the local electron gyrofrequency
(fce) of rising and falling tones is very narrow (~0.01 fce), smaller than that of the hiss-like emissions
(~0.025 fce). Meanwhile, the normalized bandwidth of discrete emissions gradually decreases with increasing
wave amplitude, whereas that of hiss-like emissions increases slowly. The coherence coefﬁcient of rising and
falling tones is extremely large (~1), while the coherence coefﬁcient of hiss-like emissions is smaller but is still
larger than 0.5. For all categories of whistler mode waves, the normalized bandwidth increases at larger L
shells. Furthermore, the normalized bandwidth is positively correlated with local fpe/fce but is inversely
correlated with the electron density. Interactions between radiation belt electrons and whistler mode waves
have been widely described by quasi-linear diffusion theory. Our results suggest that although quasi-linear
theory is not entirely applicable for modeling electron interactions with rising and falling tones due to
their narrow bandwidth and high coherence coefﬁcient, it is suitable to treat wave-particle interactions
between electrons and low-amplitude hiss-like emissions. Moreover, the correlations between the
normalized bandwidth of chorus waves (especially the discrete emissions) and other parameters may provide
insights for the generation mechanism of chorus waves.

1. Introduction
Whistler mode waves are very common and intense electromagnetic emissions that occur in the inner
magnetosphere, with a frequency range that generally extends from 0.1 to 0.8 fce (where the fce is the
equatorial electron gyrofrequency) [Burtis and Helliwell, 1969; Tsurutani and Smith, 1974, 1977; Meredith et al.,
2001; Li et al., 2012]. Typically, they are observed in two distinct frequency bands (lower band and upper
band) with a minimum wave power near 0.5 fce [Tsurutani and Smith, 1974; Koons and Roeder, 1990]. Outside
the plasmapause, whistler mode waves appear either as banded hiss-like emissions or as a series of discrete
rising and falling tones [Santolik et al., 2009; Li et al., 2011b, 2012], but in some cases, the two kinds of
emissions can coexist [Pope, 1963; Koons and Roeder, 1990; Santolik et al., 2009]. Chorus waves, which
have a discrete structure, are excited through nonlinear resonant interactions with the energetic electrons
(tens of keV) [Nunn, 1974; Omura et al., 2008, 2012; Li et al., 2010], although the details of the generation
process are still under investigation. The main source region of chorus waves is in the vicinity of the
geomagnetic equatorial plane [LeDocq et al., 1998; Lauben et al., 2002; Santolik et al., 2005; Li et al., 2009],
while another possible source region is in the dayside outer zone [Tsurutani et al., 2009], where dayside offequatorial minima of magnetic ﬁeld strength occur when the terrestrial dipole magnetic ﬁeld is compressed
by the solar wind.
Whistler mode waves are very important in controlling the outer radiation belt dynamics due to their dual
role in both the acceleration and precipitation of radiation belt energetic electrons [Horne et al., 2003; Bortnik
and Thorne, 2007; Summers et al., 2007; Thorne, 2010]. There is considerable theoretical and observational
evidence that chorus waves play a key role in transferring energy from the more abundant low-energy
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electrons (tens of keV) to relativistic electrons through efﬁcient energy diffusion [e.g., Summers et al., 2002;
Horne et al., 2005; Thorne et al., 2013]. This local acceleration of electrons by chorus waves is an important
mechanism for the enhancements of energetic electron ﬂuxes near the heart of the outer radiation belt
during storms or prolonged periods of substorm activity [Summers et al., 1998; Meredith et al., 2001; Horne
et al., 2005; Thorne et al., 2013]. These whistler mode waves can also scatter electrons into the loss cone
leading to precipitation into the atmosphere [e.g., Lorentzen et al., 2001; Thorne et al., 2005; Lam et al., 2010].
Furthermore, the electron pitch angle diffusion by chorus waves can lead to the formation of the pancake
distributions typically observed in Earth’s magnetosphere [Meredith et al., 1999; Su et al., 2009; Tao et al., 2011]
and provide a major source of energy for the diffuse and pulsating aurora [Ni et al., 2008, 2011; Nishimura
et al., 2010, 2013; Thorne et al., 2010].
Quasi-linear diffusion theory has commonly been used as a fundamental tool to model the effects of chorus
waves on the energetic electrons [Kennel and Engelman, 1966; Horne et al., 2003; Thorne et al., 2010, 2013;
Ni et al., 2011a, 2011b]. The interactions between electrons and the broadband and low-amplitude whistler
mode waves are well described with quasi-linear theory to determine the timescales for electron energy
diffusion and pitch angle diffusion due to chorus waves [Horne et al., 2003; Ni et al., 2008; Thorne et al., 2010].
Moreover, global models describing the long-term evolution of the radiation belt during geomagnetic storms
or substorms have also been developed [e.g., Albert et al., 2009; Shprits et al., 2009; Su et al., 2010; Artemyev
et al., 2012; Tu et al., 2013; Glauert et al., 2014], which is a crucial part of space weather prediction.
Nonlinear effects become important when the interaction between electrons and a large amplitude
monochromatic whistler mode wave is considered. When the wave amplitude is large, the fundamental
mode of electron scattering can switch from being stochastic to deterministic, which leads to phase
bunching or phase trapping [e.g., Inan et al., 1978; Albert, 2002; Bortnik et al., 2008]. However, when the single
wave is extended to a realistic whistler mode wave with modulated wave amplitudes, the electrons exhibit
complicated motions caused by both quasi-linear and nonlinear interactions [Tao et al., 2012, 2013].
Speciﬁcally, by comparing the diffusion coefﬁcients obtained by quasi-linear theory and test particle
simulation, Tao et al. [2012] found that there can be large differences when the wave amplitude is large and
the bandwidth is narrow. In their study, for a wave bandwidth of 0.1 fce (also some other ﬁxed parameters),
quasi-linear theory was found to be reliable only when the wave amplitude was smaller than 0.1 nT
(Bw2/B02 ≈ 2 × 107) for 10 keV electrons and 0.66 nT (Bw2/B02 ≈ 7 × 106) for 1 MeV electrons.
Furthermore, recent observational results revealed that chorus waves with large amplitudes (>100 pT)
often occurred [Cattell et al., 2008; Cully et al., 2008; Wilson et al., 2011], especially during periods of
increased geomagnetic activity [Li et al., 2011a] or in the dayside outer zone [Tsurutani et al., 2009].
Therefore, the nonlinear effect caused by discrete chorus emissions may also play an important role in
the radiation belt electron dynamics, although its relative importance is still under debate.
Although the bandwidth of whistler mode waves is a key parameter in studying their interactions with
electrons, comprehensive statistical information describing the bandwidth of whistler mode waves is very
limited, probably due to the limited electric and magnetic wave data with high time resolution. Thanks
to the THEMIS (Time History of Events and Macroscale Interactions during Substorms) mission [Angelopoulos,
2008], sufﬁcient waveform data are now available to conduct such a study. By analyzing the waveform
data collected from 1 June 2008 to 1 June 2013, we have investigated the global distribution of the
bandwidth of lower band whistler mode waves including rising and falling tone chorus and hiss-like
emissions and its dependence on the electron density, wave amplitude, and the ratio of plasma frequency
to electron gyrofrequency. The coherence coefﬁcient, which provides information on the distribution of
wave vectors, is also evaluated in our paper. In section 2, we describe the analysis of the THEMIS wave
data. The global distribution of whistler mode wave events and statistical results of their bandwidths and
coherence coefﬁcients are presented in section 3. In section 4, we summarize and further discuss our
principal results.

2. THEMIS Wave Data Analysis
The THEMIS spacecraft, consisting of ﬁve identically instrumented probes (A, B, C, D, and E), operate in highly
elliptical orbits with apogees above 10 RE and perigees below 2 RE [Angelopoulos, 2008], in the near-equatorial
magnetosphere, and thus offer an excellent opportunity to study whistler mode waves. The whistler mode
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emissions can be detected by the Search Coil Magnetometer (SCM) [Le Contel et al., 2008; Roux et al., 2008] and
Electric Field Instrument (EFI) [Bonnell et al., 2008]. SCM measures the magnetic ﬂuctuations in three
orthogonal directions, covering the frequency range from 0.1 Hz to 4 kHz. EFI captures waveforms in three
orthogonal directions from DC (direct current) up to 8 kHz. Several waveform bursts, each lasting about 6–8 s,
are recorded every day simultaneously from SCM and EFI with a sampling frequency up to ~16 kHz. The wave
burst data (scw and efw ﬁles) recorded from three inner probes (A, D, and E) are analyzed in this study to
obtain the polarization properties of the chorus waves. The ﬂuxgate magnetometer (FGM) measures the
background magnetic ﬁelds and their low-frequency ﬂuctuations (up to 64 Hz) [Auster et al., 2008]. FGM data
in this study are utilized to evaluate local electron cyclotron frequencies in order to scale whistler mode
wave frequencies. The plasma density inferred from the spacecraft potential and electron thermal speed
[e.g., Li et al., 2010] is used to differentiate whistler mode waves observed outside the plasmapause from
plasmaspheric hiss using the same method as Li et al. [2010].
Following the procedure developed by Bortnik et al. [2007] (essentially an implementation of Means [1972]),
we analyze the three components of magnetic ﬁelds (rotated into the ﬁeld-aligned coordinate system) from
wave burst data to obtain the polarization parameters of whistler mode waves. In the ﬁeld-aligned coordinate
system, z axis is along the direction of the background magnetic ﬁeld, x axis is perpendicular to both the
azimuthal vector in the solar magnetic coordinate and the background magnetic ﬁeld, and y axis completes
the right-hand coordinate system. These calculated wave polarization parameters have a time resolution of
~0.032 s, which is much smaller than the typical temporal duration of each discrete chorus element (a few
tenths of seconds [Cully et al., 2008; Santolik et al., 2008; Macusova et al., 2010; Li et al., 2011b, 2012]). The
polarization ratio (Rp), deﬁned as the ratio of polarized power to total power, is used to evaluate the reliability
of the other wave polarization parameters [Bortnik et al., 2007]. The sense of the polarization is indicated by
the sign of the ellipticity, which is >0 (<0) for right-hand (left-hand) rotation about the wave vector. Since
whistler mode waves typically have a large polarization ratio and right-hand polarization, we only record
the polarization parameters when Rp > 0.9 and ellipticity > 0.7. Because only the magnetic ﬁelds are involved
in this method, there is an inherent 180° ambiguity in the wave normal direction. Similar to Li et al. [2012],
we also convert all the wave normal directions into values less than 90°. The coherence coefﬁcient is given by
2
C ij ðω0 Þ ¼ S^ij ðω0 Þ =S^ii ðω0 ÞS^jj ðω0 Þ (where S^ij ðω0 Þ is either the mean autopower spectrum (i = j) or the mean
cross-power spectrum (i ≠ j) and ω0 is the angular wave frequency), using both the wave magnetic ﬁelds and
electric ﬁelds from the waveform data following Lefeuvre and Parrot [1979]. The coherence coefﬁcient can act
as a qualitative measure of the distribution of wave vectors. When the coherence coefﬁcient equals 1, the
wave can be considered as a plane wave with a well-deﬁned propagation direction. However, when the
coherence coefﬁcient is 0, the wave vectors are totally random and the wave can be treated as noise
[Lefeuvre and Parrot, 1979].

3. Observational Results
The data set used in this study is collected from wave burst data from the three inner probes of THEMIS (A, D,
and E), covering the main source region of chorus waves between 5 and 10 RE at all magnetic local time (MLT).
Since the THEMIS spacecraft are situated in near-equatorial orbits, the data samples are conﬁned to low
magnetic latitudes, typically less than ±20°. The time period of the waveform data analyzed in the present
study is from 1 June 2008 to 1 June 2013. The plasmaspheric hiss waves and other magnetosheath emissions
are excluded in our database following the method of Li et al. [2010], and only the lower band whistler mode
waves (0.1–0.5 fce) observed between the plasmapause and magnetopause are retained.
Whistler mode waves in the magnetosphere exhibit three kinds of structure in the frequency-time
spectrogram, such as rising tones, falling tones, and hiss-like emissions. A representative example of rising
tones is illustrated in Figure 1. Figure 1a shows a ﬂag, which is used to identify whether the whistler mode
emissions are rising tones (ﬂag = 1), falling tones (ﬂag = 1), or hiss-like emissions (ﬂag = 0), and the ﬂag is set
to a NaN value if whistler mode waves are not detected. At each recording time, the frequency with the
maximum magnetic spectral density is recorded after smoothing the adjacent three points. Then we
calculate the frequency sweep rate using ﬁve adjacent points. If the sign of the frequency sweep rate remains
positive (or negative) for longer than 0.1 s, the ﬂag is set to 1 (or 1); otherwise, it is set to 0. This procedure is
similar to that of Li et al. [2012]. Here we chose two perpendicular components of wave ﬁelds (Ey and Bx) to
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Figure 1. One wave event of rising tones observed by THEMIS D on 23 October 2008 showing (a) a ﬂag which is used to
classify the emission, (b) the frequency-time spectral density of wave electric ﬁeld, (c) magnetic ﬁeld, (d) coherence coefﬁcient C24, (e) wave normal angle (WNA), (f) ellipticity, and (g) expanded version of Figure 1c inside the red box. In Figures 1b–1f,
the solid and dashed horizontal lines in white or black represent 0.1 and 0.5 fce, respectively. In Figure 2g, the solid black line
represents the peak frequency fp obtained by Gaussian ﬁtting at each time. The magenta points in Figure 1g denote the
frequencies of fp ± 2df ′ (where df ′ is the bandwidth at each time).

calculate the coherence coefﬁcient (C24), since the perpendicular components are always nonzero regardless
of the wave normal angle. As shown in Figure 1d, the coherence coefﬁcient C24 is nearly 1, which means
that these rising tone emissions can be considered as being made up of a series of plane waves. This rising
tone emission is nearly ﬁeld aligned, with a wave normal angle smaller than 30°, as shown in Figure 1e. The
right-hand polarization is clearly displayed in Figure 1f. Figure 1g is the expanded version of the magnetic
frequency-time spectrogram inside the red box of Figure 1c. At each recording time, when the ﬂag is equal to
1 (rising tone) or 1 (falling tone), we conduct a 21-point Gaussian ﬁtting with the central frequency having
the maximum magnetic spectral density to determine the peak frequency fp and the bandwidth df (A full
discussion regarding the deﬁnition, rationale, and artiﬁcial limitations of the bandwidth due to various signal
processing effects is given in the supporting information). The employed Gaussian ﬁtting function is
G(f) = A0 exp[(f  fp)2/df ′2] + C, where A0 and C are the peak magnetic spectral density and background
noise, respectively. The peak frequencies are shown by black solid lines, and two other frequencies (fp ± 2df ′)
are represented by magenta points in Figure 1g. We ﬁnd that the chorus element can well be identiﬁed by
the magenta points, which indicates that the Gaussian ﬁtting generally works well.
With the same pattern as Figure 1, Figure 2 shows a typical event consisting of falling tones. The falling tone
has almost the same wave properties as the rising tone, except for the very oblique wave normal angle
(~70° shown in Figure 2e). The Gaussian ﬁtting can also describe the falling tone element very well. One
typical event of hiss-like emissions is presented in Figure 3. As shown in Figure 3e, this hiss-like emission
is almost ﬁeld aligned, with small wave normal angles. It is worth noting that the coherence coefﬁcient of
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Figure 2. One wave event of falling tones observed by THEMIS E on 17 November 2008 displayed in the same format as Figure 1.

hiss-like emission is a little smaller compared to that of rising or falling tones but is still large (>0.5). This is
quite different from plasmaspheric hiss, whose coherence coefﬁcient is almost zero [Lefeuvre and Parrot,
1979]. For the hiss-like category, the Gaussian ﬁtting at each recording time is performed by using all the
points between 0.1 and 0.5 fce instead of 21 points. This is because the bandwidth of hiss-like emissions is
larger than that of the rising or falling tones, as shown in section 3.2, and thus, it requires more points to be
involved in the Gaussian ﬁtting. Another two black dashed lines plotted in Figure 3g are at frequencies of
fp ± 2df (where df is the average of bandwidth df ′ over the entire event). Although the magenta points appear
to be somewhat scattered, the black dashed lines representing the average bandwidths are quite consistent
with the lower and upper cutoff of this banded hiss-like emission. Therefore, the Gaussian ﬁtting generally
works well for analyzing the local bandwidth of the hiss-like emissions. Another possible way to calculate
the bandwidth of hiss-like emissions is to average the spectra over the entire event ﬁrst, before performing
the Gaussian ﬁtting. The comparison of these two methods and relevant discussions are provided in the
supporting information.
3.1. Global Distribution of Whistler Mode Wave Events
One wave burst is deﬁned as one recording interval lasting about 6–8 s, similar to the examples shown in
Figures 1–3. During one wave burst, if whistler mode waves are observed, this wave burst is called one wave
event. All the wave events are classiﬁed into three categories according to the ﬂag (Figures 1a–1f, 2a–2f, and
3a–3f), rising tones, falling tones, and hiss-like emissions, and a visual inspection is performed to conﬁrm
the validity of their categories. In our database, the total number of wave events for rising tones, falling tones,
and hiss-like emissions is 1323, 186, and 1694 out of 12,400 wave bursts, respectively. For some wave events,
in which both discrete (rising or falling tone) and hiss-like emissions coexist, we only regard them as the
discrete (rising or falling tone) wave events, since the discrete emissions always have the predominant
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Figure 3. One wave event of hiss-like emissions observed by THEMIS A on 1 October 2008 displayed in the same format as
Figures 1 and 2, except that in Figure 3g, where two dashed black lines represent the frequencies of fp ± 2df ′ (where df ′ is
the average bandwidth of the entire wave event).

magnetic spectral density. For one wave event, several important parameters are recorded at the recording
time when its ﬂag has a value (1, 1, or 0), including L shell, MLT, magnetic latitude (MLAT), bandwidth,
coherence coefﬁcient, wave amplitude (integrated over the frequency from 0.1 to 0.5 fce), and electron
density (inferred from the spacecraft potential according to Li et al. [2010]). Note that the ﬂag is set to a NaN
value if the recorded wave properties are not identiﬁed as either discrete rising/falling tones or hiss-like
emissions. Subsequently, we averaged the recorded parameters to represent the values in each wave event,
since the wave properties and plasma parameters over this short time period are normally very similar, as
shown Figures 1–3. For the rising tone event shown in Figure 1 as an example, we calculated the above wave
and plasma parameters by averaging the corresponding values for the data points with ﬂag = 1.
Figures 4a and 4b show the global distribution of wave bursts in L-MLT and |MLAT|-MLT regions. The color bar
indicates the number of wave bursts in each bin, and the total number is about 12,400. The global distribution
of wave events in L-MLT and |MLAT|-MLT domains for three categories is displayed in Figures 4c–4h. Here the
occurrence rate is deﬁned as the ratio between the number of wave events in each bin and the number of wave
bursts in the same bin. If the number of wave bursts in one bin is less than 10, this bin is discarded. From
Figure 4a, we found that the coverage of waveform data is very limited on the nightside particularly at <7 RE,
and thus, the statistical signiﬁcance in these regions may not be high. For rising tones, the high occurrence rate
occurs at the low L shells from the predawn to the afternoon sector. However, the falling tones have the lowest
occurrence rate with a preferential region from the predawn to the noon sector at low L shells. The hiss-like
emissions have a very broad distribution in the L-MLT domain but have the extremely high occurrence rate
from the predawn to the prenoon sector at relatively high L shells. In the |MLAT|-MLT domain, all categories
show an asymmetric distribution between dayside and nightside. Unlike the rising tones and hiss-like emissions,
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whose occurrence rate is higher at low magnetic latitudes, the falling tones are preferentially observed at
slightly higher magnetic latitudes (|MLAT| >6°) on the dayside (Figure 4f). These statistical distributions of rising
and falling tones and hiss-like emissions are generally consistent with Li et al. [2012], who analyzed their
characteristics for a shorter time period from June 2008 to May 2012.
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lines represent the median values, with the ﬁrst and third quartiles shown in vertical red bars.
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Figure 6. The normalized bandwidth df/fce as a function of (top row) electron density, (middle row) the ratio of plasma
frequency to electron gyrofrequency fpe/fce, and (bottom row) the wave amplitude BW for rising tones, falling tones,
and hiss-like emissions, respectively. The red lines represent the median values, with the ﬁrst and third quartiles shown
as vertical red bars.

3.2. Bandwidth of Whistler Mode Waves
The bandwidth df shown in this subsection is the average of bandwidth df ′ over the entire wave event with
the designated ﬂag value as mentioned above. Figure 5 shows the normalized bandwidth df/fce as a function
of MLT and L shell and the absolute bandwidth df as a function of L shell for the three categories, respectively.
Each black dot represents a wave event in its corresponding category, and the median values are denoted
by red lines with the ﬁrst and third quartiles as vertical red bars. For all the categories, the normalized
bandwidth is nearly independent of MLT as shown in Figure 5 (top row). However, a weak minimum of
bandwidths at ~9 MLT is found for all categories. In the middle row, there is a very clear trend for the
normalized bandwidth to increase with L shells. Furthermore, the slopes for the three categories are almost
the same (~0.003). In the bottom row, the absolute bandwidth df for the three categories gradually decreases
with the L shell. Therefore, the increasing trend of the normalized bandwidth with L shell is probably
mainly caused by the decrease of the ambient magnetic ﬁeld. Overall, the discrete chorus waves (rising and
falling tones) have a narrower normalized bandwidth (~0.01) compared to the hiss-like emissions (~0.025).
The dependences of the normalized bandwidth df/fce on the electron density, the ratio of plasma frequency
to local electron gyrofrequency fpe/fce, and the wave amplitude Bw for the three categories are demonstrated
in Figure 6. As the electron density increases, the bandwidth df/fce decreases for all the categories (Figure 6,
top row). This correlation is quite consistent with the dependence of the normalized bandwidth on L shell,
since the electron density is generally inversely correlated with the L shell. Both the discrete (rising and
falling tone) and hiss-like emissions have narrower bandwidths df/fce in the region with lower values of fpe/fce
(Figure 6, middle row). Furthermore, the majority of discrete emissions (rising and falling tones) occur
in the region with low values of fpe/fce (<8), while a large portion of the hiss-like emissions is observed in
the region with large values of fpe/fce (>8). This is consistent with the previous work by Li et al. [2012].
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Figure 7. The dependences of coherence coefﬁcient C24 on the wave amplitude BW for rising tones, falling tones, and hisslike emissions, respectively. The red lines represent the median values, with the ﬁrst and third quartiles as vertical red bars.

The dependence of the normalized bandwidth on the wave amplitude is quite different between the discrete
and hiss-like emissions (Figure 6, bottom row). For the hiss-like emissions, the normalized bandwidth
gradually increases with the increase of the wave amplitude. However, with the increase of the wave
amplitude, the normalized bandwidth of discrete emissions decreases slowly especially for the rising tones,
although this trend is not very clear. The physics underlying the opposite correlations of the bandwidth of
discrete and hiss-like emissions with the wave amplitude might be related to their different generation
mechanisms, but further investigation is needed to explain it, which is beyond the scope of this paper.
3.3. Coherence Coefﬁcient of Whistler Mode Waves
The coherence coefﬁcient C24 discussed here is also the average of the coherence coefﬁcient over the whole
wave event with the designated ﬂag value, similar to the bandwidth df. Figure 7 shows the coherence
coefﬁcient C24 as a function of the wave amplitude Bw for the three wave categories. First, for all the
categories, the coherence coefﬁcient increases with the increasing wave amplitude. Second, for the rising
and falling tones, the coherence coefﬁcient is very large, nearly equal to 1. Third, the coherence coefﬁcient of
hiss-like emissions is smaller compared to that of discrete emissions but is still larger than 0.5. Therefore,
some of the hiss-like emissions cannot be simply treated as a plane wave with a well-deﬁned propagation
direction but better with a distribution function of wave vectors. This is essentially different from the case of
plasmaspheric hiss waves, whose wave vectors are more likely to be random and coherence coefﬁcient is
almost zero [Lefeuvre and Parrot, 1979]. The correlation between the coherence coefﬁcient C24 and the
normalized bandwidth df/fce is also shown in Figure 8 for the three wave categories. For both the discrete and
hiss-like emissions, as the coherence coefﬁcient increases, the normalized bandwidth becomes smaller,
but the trend for hiss-like emissions is a little weaker.
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Figure 8. The correlation between the normalized bandwidth df/fce and the coherence coefﬁcient C24 for rising tones, falling tones, and hiss-like emissions, respectively. The red lines represent the median values, with the ﬁrst and third quartiles
as vertical red bars.
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4. Summary and Discussion
We have utilized the multiyear waveform data from the three inner THEMIS spacecraft to evaluate the
bandwidth and coherence coefﬁcient of whistler mode waves and their dependences on wave amplitude,
electron density, and the ratio of plasma frequency to local electron gyrofrequency. This comprehensive
analysis is performed for three different categories of whistler mode emissions, rising tones, falling tones, and
hiss-like emissions separately. The principal results are summarized as follows:
1. The rising and falling tones preferentially occur at L < 8 and regions where fpe/fce < 8, whereas the hisslike emissions are dominant at L > 7 and regions where fpe/fce is in the range 2–15.
2. The bandwidth of the rising and falling tone is about 0.01 fce, smaller than that of the hiss-like emission
(~0.025 fce). The normalized bandwidth df/fce for the discrete and hiss-like emissions increases with
increasing L, with a slope of ~0.003. However, the absolute bandwidth df gradually decreases with
increasing L. Furthermore, the normalized bandwidth is positively related to the fpe/fce but is inversely
correlated with the electron density. With the increase of the wave amplitude, the bandwidth df/fce of
the discrete emission gradually decreases, whereas the bandwidth df/fce of the hiss-like emission
increases slowly.
3. The coherence coefﬁcient of the rising and falling tones is large (~1), while the coherence coefﬁcient
of the hiss-like emission is smaller but is still larger than 0.5. For all the three categories, with the increase
of the wave amplitude, the coherence coefﬁcient becomes larger. Moreover, we also ﬁnd the inverse
correlation between the normalized bandwidth and the coherence coefﬁcient.
It is important to note that the wave bandwidth deﬁned in the present paper is different from the long-run
bandwidth, which is typically used to model the whistler mode wave spectrum when simulating energetic
electron dynamics caused by chorus wave scattering in diffusion-based simulations [e.g., Horne et al., 2005;
Li et al., 2007; Su et al., 2009]. The bandwidth deﬁned in our study is used to describe the wave bandwidth
(based on a Gaussian ﬁtting) inside a wave element within < ~0.1 s, whereas the bandwidth used to model
whistler mode wave spectrum is obtained by averaging the wave spectrum over many chorus elements
(more than a few seconds). Since it is the bandwidth inside each element, which determines the mode of
electron scattering (i.e., stochastic or deterministic) occurring within <0.1 s [e.g., Bortnik et al., 2008], we
quantitatively and statistically evaluated the bandwidth inside each element for three types of whistler mode
wave emissions (rising tones, falling tones, and hiss-like emissions). We note that for rising and falling tones,
due to the ﬁnite fast Fourier transform (FFT) window size and frequency sweep rate, the calculated
bandwidths could be affected by the drift frequency and frequency resolution. Therefore, in this survey, we
carefully chose the time step of the FFT window (~0.032 s) to ensure the optimum resolution in both time and
frequency, which limits the artiﬁcial effect to an insigniﬁcant level (two test studies supporting this optimum
time step are shown in the supporting information). Furthermore, the dependences of the normalized
bandwidth on the ratio of plasma frequency to electron gyrofrequency shown from our results may also
provide some constraints for the generation mechanisms of whistler mode waves, which is beyond the scope
of this paper and needs further investigation.
There have been considerable works done on the pitch angle scattering of radiation belt electrons by chorus
waves using quasi-linear theory [Horne et al., 2003; Li et al., 2007; Albert et al., 2009; Ni et al., 2008, 2011a,
2011b; Shprits et al., 2009; Thorne et al., 2010; Glauert et al., 2014; Tu et al., 2014]. Most of these works, however,
have addressed the problem of electron diffusion based on the assumption of broadband and smallamplitude whistler mode chorus waves. The most important and fundamental idea in quasi-linear theory is
that electrons interact with the wave ﬁelds through the cyclotron resonance along their trajectories and
experience a series of scattering that is random in both direction and strength [Kennel and Engelman, 1966].
Therefore, the electrons undergo a random walk in pitch angle space, and the diffusion of the whole
population can be achieved. According to our results, the bandwidth of discrete emissions is very narrow, and
even narrower when the wave amplitude is larger. Furthermore, their coherence coefﬁcients are extremely
high, nearly one. The physics is fundamentally different when it involves highly coherent narrowband
whistler mode waves. When the electrons encounter such waves, the series of scattering experienced by the
particles is not completely random in direction or strength [Inan et al., 1978; Albert, 2002; Bortnik et al., 2008].
The electrons can be phase locked with the wave for a while and undergo large net pitch angle changes in a
single encounter with the wave [Bortnik et al., 2008; Tao et al., 2012]. It is therefore not entirely correct to
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assume that the trapped electrons execute a random walk in pitch angle during the course of one bounce
period when interacting with narrowband chorus waves. However, the situation may be different for hiss-like
emissions. They have larger bandwidths than the discrete emissions, and the small bandwidth of hiss-like
emissions preferentially occurs when the wave amplitude is small. Therefore, quasi-linear theory may still
perform well when it only involves the hiss-like emissions except for few events with relatively narrower
bandwidth (<0.02 fce) and very large amplitude (>0.5 nT).
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