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Ion Bernstein modes, also known as magnetosonic waves in the magnetospheric community, are
considered to play an important role in radiation belt electron acceleration. The detailed properties
of perpendicular magnetosonic waves excited in the inner magnetosphere by a tenuous proton ring
distribution are investigated in a two series paper with a combination of the linear theory and onedimensional particle-in-cell simulations. Here, in this paper, we study the properties of the excited
magnetosonic waves under different plasma conditions with the linear theory. When the proton to
electron mass ratio or the ratio of the light speed to the Alfven speed is small, the excited magnetosonic waves are prone to having a discrete spectrum with only several wave modes. With the
increase of the proton to electron mass ratio or the ratio of the light speed to the Alfven speed, the
lower hybrid frequency also increases, which leads to the increase of both the number and frequency of the excited wave modes. Meanwhile, the growth rate of these wave modes also increases.
When the proton to electron mass ratio or the ratio of the light speed to the Alfven speed is sufficiently large, the spectrum of the excited magnetic waves becomes continuous due to the overlapping of the adjacent wave modes. The increase of the density of the protons with the ring
distribution can also result in the increase of the growth rate, which may also change the discrete
spectrum of the excited waves to a continuous one, while the increase of the ring velocity of the
tenuous proton ring distribution leads to a broader spectrum, but with a smaller growth rate.
C 2016 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4941283]
V
I. INTRODUCTION

Ion Bernstein modes in the magnetosphere, which are
also called equatorial noises or fast magnetosonic waves, are
frequently observed within 2 –3 of the geomagnetic equator
at the radial distance from L ¼ 2 to 8.1–4 Those three terms
will be used exchangeably throughout the manuscript. The
bulk of the fast magnetosonic mode observation are within
63 or so of the magnetic equator, with a tail extending to
higher latitudes.5–10 The wave vector of this mode is nearly
perpendicular to the background magnetic field, whose frequencies range from the proton cyclotron frequency to the
lower hybrid frequency.11–13 Recently, these enhanced fluctuations have received increased attention because of their
potential role in the radiation belt electron acceleration.14,15
Satellite observations2,16–18 have shown that magnetosonic waves in the inner magnetosphere are closely associated
with a tenuous energetic proton ring-like distribution with
@fh ðv? Þ=@v? > 0 (where fh ðv? Þ is the perpendicular velocity
distribution function of energetic protons) in the presence of a
cold dense background plasma, and theoretical calculations16,19–23 found that such a distribution is unstable to magnetosonic waves when the ring velocity VR is comparable to
VA (where VA is the Alfven velocity). Simultaneously, both
observations and theoretical results have demonstrated that
a)
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these waves occur at the harmonics of the proton gyrofrequency up to the lower hybrid frequency. These observations
support that magnetosonic waves in the inner magnetosphere
are driven by the ring-like distribution of energetic protons.
Recently, particle-in-cell (PIC) simulations24 have been
performed to study magnetosonic waves driven by a proton
velocity distribution with a positive slope in the perpendicular velocity distribution, and the excited waves have the
characteristics consistent with the linear theory: their frequencies are ranging from the proton cyclotron frequency to
the lower hybrid frequency, and the wave vector is nearly
perpendicular to the background magnetic field. In addition,
both observations and the linear theory have shown that
magnetosonic waves have a discrete spectrum, where the
waves are emitted at frequencies corresponding to exact multiples of the proton gyrofrequency. However, the excited
magnetosonic waves in the previous PIC simulations usually
only have several harmonics due to the reduced ratio of both
the proton mass to electron mass and light speed to Alfven
speed,24 while both the observations and linear theory have
shown that magnetosonic waves have tens of discrete emission lines.13,19 Moreover, the POLAR observations by
Tsurutani et al.10 have reported that magnetosonic waves can
also have a continuous spectrum. The observation of the continuous spectrum is interesting. In addition to propagation
effects that might blur discrete emissions, Chen25 shows that
the proton ring distribution is capable of generating ion
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Bernstein modes over a continuous spectrum too, which
could be another possible explanation.
It is worthy exploring the regimes for the continuous or
discrete spectrum generation using both linear theory and
PIC simulations. The goal of this series of two papers is to
investigate the different spectra of the perpendicular magnetosonic waves excited by the tenuous energetic proton ringlike distribution in the presence of a cold dense background
plasma under different plasma conditions. The parameters
under exploration include several physical parameters and
two artificial parameters often used in PIC simulation, i.e.,
the mass ratio mh =me and the velocity ratio c=VA . In this paper, we discuss in detail the spectral properties of magnetosonic waves with the linear theory. Then, one-dimensional
(1-D) PIC simulations are performed with the similar plasma
conditions [hereafter referred to as Paper II26] to figure out
the factors to determine the spectrum of magnetosonic
waves, and further study the particle dynamics.
The paper is organized as follows. The theoretical model
is described in Sec. II, and the results are presented in Sec.
III. In Sec. IV, we give a conclusion, which is followed by
the discussions.

where the refractive index is n ¼ kc=x, x is the complex frequency, and k is the perpendicular wave number. exx ; ezz ; exz
are elements of the dielectric tensor e. The subscript x
denotes the direction of the wave vector k, and the background magnetic field B0 is along y axis.
The dielectric tensor elements are found to be
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II. THEORETICAL MODEL

In this paper, we assume a uniform and magnetized
plasma consisting of three components: cold electrons, cold
protons, and ring distribution protons. Their number densities
are ne , nhc , and nhr , respectively. To satisfy the charge neutrality, it requires ne ¼ nhc þ nhr . The distribution function of
ring distribution protons is fhr ¼ nhr dðvjj Þdðv?  VR Þ=ð2pv? Þ,
where vjj and v? are velocities parallel and perpendicular to
the background magnetic field B0 ¼ B0 ey , and VR is the proton ring velocity.
Because the wave vector of the magnetosonic waves is
nearly perpendicular to the background magnetic field, in
this paper for simplicity, we assume that the wave vector of
the magnetosonic waves is perpendicular to the background
magnetic field. In such a situation, the dispersion relation of
magnetosonic waves can be expressed as
Dðx; kÞ ¼ exx ðezz  n2 Þ þ e2xz ¼ 0;

(1)

TABLE I. Parameters for different cases.
Case
1
2
3
4
5
6
7
8
9
10
11
12
13

VR =VA

nhr =ne (%)

c=VA

mh =me

1
1
1
1
1
1
1
1
1
1
0.7
1
1.3

0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5
1.0
2.0
0.5
0.5
0.5

138
138
138
138
10
20
50
20
20
20
50
50
50

100
400
900
1600
1600
1600
1600
400
400
400
900
900
900

where the electron cyclotron frequency is Xe ¼ eB0 =me ,
the proton cyclotron frequency is Xh ¼ eB0 =mh , the electron
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
plasma frequency is xpe ¼ ne e2 =ðe0 me Þ, and the proton
plasma frequencies for cold and ring distribution components
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
are xph ¼ nh e2 =ðe0 mh Þ and xphr ¼ nhr e2 =ðe0 mh Þ (where
e0 is vacuum permittivity, e is elementary charge, and me
and mh are electron and proton masses, respectively). Jn
denotes Bessel functions with argument t ¼ kVR =Xh . The
dispersion relation (Eq. (1)) will be solved to obtain the complex frequency x under given plasma parameters, whose real
part is the real wave frequency xr and imaginary part is the
temporal growth rate c. There are multiple solutions of the
complex frequency for a given k. To find unstable modes
with c > 0, we will search all possible unstable solutions for
a given k in the complex frequency domain with 1:5 
xr =Xh  40 and 103  c=Xh  1. Such a root finding procedure is repeated for each k from 0:1k0 to 50k0 with a spacing 0:02k0 (where k0 is Xh =VA , and VA is the Alfven speed).
In this way, we can ensure that all the complex frequency
solutions within the domain will be identified for a given k.
III. RESULTS

In this paper, we present the spectral characteristics of
magnetosonic waves excited by a tenuous proton ring distribution under different plasma conditions. PIC simulations of
magnetosonic waves usually use a reduced mass ratio of proton to electron and a reduced ratio of the light speed to the
Alfven speed in order to save computational source.24 In this
paper, we will compare the spectral characteristics of magnetosonic waves with different mass ratios and ratios of the
light speed to the Alfven speed, as well as the number density and ring velocity of the ring distribution protons. The parameters for different calculations are listed in Table I. In the
following, we describe the theoretical results in detail.
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In the inner magnetosphere, the background magnetic
field B0 is about 100 nT, and the electron number density ne
is about 1 cm3 . Then, the Alfven speed is VA  2:18
103 km=s, and c=VA is about 138. First, we investigate the
effects of the mass ratio on the spectral characteristics
of magnetosonic waves by keeping nhr =ne ¼ 0.5%, VR
¼ 1:0VA , and c=VA ¼ 138. Figure 1 shows the dispersion
relation of perpendicular magnetosonic waves for different
proton-to-electron mass ratios (cases 1–4). Figure 1(a)
presents the normalized wave frequency xr =Xh versus the
normalized wave number k=k0 (left panels), and Figure 1(b)
presents the normalized wave frequency xr =Xh versus the
normalized growth rate c=Xh (right panels) for mh =me
¼ 100, Figures 1(c) and 1(d) for mh =me ¼ 400, Figures 1(e)
and 1(f) for mh =me ¼ 900, and Figures 1(g) and 1(h) for
mh =me ¼ 1600. When the mass ratio is small, for example,
mh =me ¼ 100, only several discrete wave modes with the
harmonics of the proton gyrofrequency are excited. With the
increase of the mass ratio, more wave modes are excited.

FIG. 1. (a) The normalized wave frequency xr =Xh versus the normalized
wave number k=k0 , and (b) the normalized wave frequency xr =Xh versus
the normalized growth rate c=Xh for case 1, while (c) and (d) for case 2, (e)
and (f) for case 3, and (g) and (h) for case 4. The black lines in left panel
represent the cold plasma dispersion relation. Colored line segments denote
unstable wave modes, with red for greater c and blue for smaller c values.
The red arrows in right panels mark the lower hybrid frequency.

Phys. Plasmas 23, 022901 (2016)

Simultaneously, the frequencies of the several dominant
modes (with a relatively larger growth rate) become larger,
and the spectral range of the excited waves becomes broader.
For example, the frequencies are about from 6Xh to 9Xh
when the mass ratio mh =me is 100, while the frequencies are
about from 14Xh to 32Xh when the mass ratio mh =me is
1600. These results can be explained by the increase of the
lower hybrid frequency with the increase of the mass ratio.
The lower hybrid resonant frequency Xlh can be obtained
through
 2 !
1
1
1
me
vA
1
¼
þ 2 ¼
þ
:
(3)
2
mh
c
Xlh Xe Xh xph
X2h
One can see that for a fixed c=VA , Xlh increases with the
increase of the mass ratio mh =me (red arrows in Fig. 1).
Because the excited magnetosonic waves have frequencies
from the proton gyrofrequency to the lower hybrid frequency, it is easy to imagine that the spectral range of the
excited magnetosonic waves will become broader and their
dominant modes will have larger frequencies with the
increasing mass ratio mh =me .
We can also find that the growth rate of these waves
increases with the increase of the mass ratio. Usually, the frequency width of one growth rate peak is on the order of its
corresponding peak growth rate.19,25 Hence, when the mass
ratio is small, the frequency width for each peak at the harmonics of the proton cyclotron frequency is small, and there
is a power gap between the adjacent peaks. However, when
the mass ratio becomes larger, the growth peak has a larger
frequency width because of their larger growth rate. This
leads to the overlapping between two adjacent wave modes,
and then a continuous spectrum of the waves is formed due
to the merging of growth rate peaks when the mass ratio is
sufficiently large (for example, mh =me ¼ 900 and 1600). It is
expected that PIC simulations with unrealistic low mh =me (to
reduce computation cost) tend to inhibit the merging of
neighboring wave modes into a continuous spectrum.
The effects of the ratio of the light speed to Alfven
speed on the spectral properties of excited magnetosonic
waves are also considered in this paper. Figure 2 shows the
dispersion relation of perpendicular magnetosonic waves for
different ratios of the light speed to Alfven speed (cases
5–7), while nhr =ne ¼ 0.5%, VR ¼ 1:0VA , and mh =me ¼ 1600
are kept. Figure 2(a) shows the normalized wave frequency
xr =Xh versus the normalized wave number k=k0 (left panels), and Figure 2(b) shows the normalized wave frequency
xr =Xh versus the normalized growth rate c=Xh (right panels)
for c=VA ¼ 10, Figures 2(c) and 2(d) for c=VA ¼ 20, Figures
2(e) and 2(f) for c=VA ¼ 50, and Figures 2(g) and 2(h) for
c=VA ¼ 138. Similar to the results with the increase of the
mass ratio, when the light speed is small, only several discrete wave modes are excited. With the increase of the ratio
of the light speed to the Alfven speed, the excited magnetosonic waves have larger frequencies and a broader spectrum.
This can also be explained by the increase of the lower
hybrid frequency with the increase of the light speed (see
Eq. (3)). At the same time, the increase of the light speed can
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FIG. 2. (a) The normalized wave frequency xr =Xh versus the normalized
wave number k=k0 , and (b) the normalized wave frequency xr =Xh versus
the normalized growth rate c=Xh for case 5, while (c) and (d) for case 6, (e)
and (f) for case 7, and (g) and (h) for case 4. The black lines in left panel
represent the cold plasma dispersion relation. Colored line segments denote
unstable wave modes, with red for greater c and blue for smaller c values.
The red arrows in right panels mark the lower hybrid frequency.

also lead to the increase of the growth rate as well as the frequency width of each growth peak, which causes the peaks
of the discrete growth rate to overlap with each other.
Therefore, the discrete modes will merge into a continuous
spectrum when the ratio of the light speed to the Alfven
speed is sufficiently large (for example, when c=VA ¼ 50
and 138). PIC simulations that use reduced c/VA to lower
computation cost will likely fail to the capture of the formation of the continuous spectrum.
Obviously, the properties of the excited magnetosonic
waves change significantly with the different mh =me and
c=VA , since the spectrum may become continuous from a discrete one with higher mh =me and c=VA . To show more
clearly the conditions where a continuous spectrum can be
formed, we explore artificial effects of PIC simulations over
a range of the light to Alfven speed ratio from 10 to 138 and
over a range of the proton to electron mass ratio from 16 to
1600, keeping nhr =hc ¼ 0.5% and VR =VA ¼ 1. Then, we sort
the resultant spectra into the two categories, discrete and

Phys. Plasmas 23, 022901 (2016)

continuous, which are shown as blue dots and red dots,
respectively, in Fig. 3. One can see a clear trend that continuous spectrum formation favors higher mh =me and higher
c=VA , which are more realistic values. When mh =me is 900,
the spectrum becomes continuous when c=VA is larger than
50. When mh =me is 1600, c=VA  30 is the condition, where
the spectrum becomes continuous. It is important to note
unrealistic lower values of mh =me and c=VA used in PIC simulations might not give realistic representation of the discrete/continuous spectrum, in addition to limitations of the
numbers of discrete emissions. For example, the parameters
adopted by the PIC simulation from Ref. 24, mh =me ¼ 900
and c=VA ¼ 15 (shown as a green plus symbol in Fig. 3), are
less likely to explore the formation of the continuous
spectrum.
Figure 4 shows the dispersion relation of perpendicular
magnetosonic waves for different number densities of the
ring distribution protons (cases 8–10), while VR ¼ 1:0VA ,
c=VA ¼ 20, and mh =me ¼ 400 are kept. Figure 4(a) plots the
normalized wave frequency xr =Xh versus the normalized
wave number k=k0 (left panels), and Figure 4(b) exhibits the
normalized wave frequency xr =Xh versus the normalized
growth rate c=Xh (right panels) for nhr =ne ¼ 0:5%, Figures
4(c) and 4(d) for nhr =ne ¼ 1% and Figures 4(e) and 4(f) for
nhr =ne ¼ 2%. With the increase of the number density of the
ring distribution protons, there is no obvious change for the
spectral range of the excited waves. However, the growth
rate of excited magnetosonic waves increases, because there
is more free energy when the number density of the ring distribution proton increases. Then, it is easy to understand
when the number density of the ring distribution proton is
sufficiently large, the spectrum of the excited waves will
change from a discrete spectrum to a continuous one. It is
also due to the merging of growth rate peaks, because both
the growth rate and frequency width for each peak at the harmonics of proton cyclotron frequency increase with the
increase of the number density of the ring distribution proton. Figure 5 shows the spectral properties of the excited
magnetosonic waves at different ratios of the light speed to

FIG. 3. The spectral properties of excited magnetosonic waves at different
ratios of the light speed to the Alfven speed c=VA and mass ratios of proton
to electron mh =me , while nhr =ne and VR are kept as 0.5% and 1:0VA , respectively. Each dot denotes one case. The red and blue colors represent a continuous spectrum and a discrete spectrum of magnetosonic waves,
respectively. The green pulse symbol represents the combined parameters,
mh =me ¼ 900 and c=VA ¼ 20, used by Liu et al.24
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FIG. 4. (a) The normalized wave frequency xr =Xh versus the normalized
wave number k=k0 , and (b) the normalized wave frequency xr =Xh versus
the normalized growth rate c=Xh for case 8, while (c) and (d) for case 9, and
(e) and (f) for case 10. The black lines in left panel represent the cold plasma
dispersion relation. Colored line segments denote unstable wave modes,
with red for greater c and blue for smaller c values. The red arrows in right
panels mark the lower hybrid frequency.

FIG. 6. (a) The normalized wave frequency xr =Xh versus the normalized
wave number k=k0 , and (b) the normalized wave frequency xr =Xh versus
the normalized growth rate c=Xh for case 11, while (c) and (d) for case 12,
and (e) and (f) for case 13. The black lines in left panel represent the cold
plasma dispersion relation. Colored line segments denote unstable wave
modes, with red for greater c and blue for smaller c values. The red arrows
in right panels mark the lower hybrid frequency.

the Alfven speed and mass ratios of proton to electron, for
nhr =ne ¼ 1% (Fig. 5(a)) and for nhr =ne ¼ 2% (Fig. 5(b))
while VR is kept as 1:0VA . Similar to the case of nhr =ne ¼
0:5% (Fig. 3), continuous spectrum formation favors high
mh =me and high c=VA . The difference is that the larger number density of the ring distribution protons lowers the thresholds for mh =me and c=VA for the continuous spectrum
formation. When nhr =ne ¼ 2%, a continuous spectrum can
even be formed at mh =me ¼ 200 and c=VA ¼ 20.

Figure 6 plots the dispersion relation of perpendicular
magnetosonic waves for different proton ring velocities (cases
11–13), while c=VA ¼ 50, mh =me ¼ 900, and nhr =ne ¼ 0.5%
are kept. Figure 6(a) shows the normalized wave frequency
xr =Xh versus the normalized wave number k=k0 (left panels),
and Figure 6(b) presents the normalized wave frequency
xr =Xh versus the normalized growth rate c=Xh (right panels)
for VR ¼ 0:7VA , Figures 6(c) and 6(d) for VR ¼ 1:0VA , and

FIG. 5. The spectral properties of the excited magnetosonic waves at different ratios of the light speed to the Alfven speed c=VA and mass ratios of proton to electron mh =me for (a) nhr =ne ¼ 1%, and for (b) nhr =ne ¼ 2%, while
VR is kept as 1:0VA . Each dot denotes one case. The red and blue colors represent a continuous spectrum and a discrete spectrum of magnetosonic
waves, respectively.

FIG. 7. The spectral properties of the excited magnetosonic waves at different ratios of the light speed to the Alfven speed c=VA and mass ratios of proton to electron mh =me for (a) VR ¼ 0:7VA and for (b) VR ¼ 1:3VA , while
nhr =ne is kept as 0.5%. Each dot denotes one case. The red and blue colors
represent a continuous spectrum and a discrete spectrum of magnetosonic
waves, respectively.
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Figures 6(e) and 6(f) for VR ¼ 1:3VA . With the increase of the
proton ring velocity, more and more wave modes become
unstable, and the spectral range of the excited modes becomes
broader and broader. However, their growth rates become
smaller, and the spectrum changes from a continuous structure
to a discrete one with the increase of the proton ring velocity.
Figure 7 exhibits the spectral properties of the excited magnetosonic waves at different ratios of the light speed to the
Alfven speed and mass ratios of proton to electron. In Fig.
7(a), VR ¼ 0:7VA , and in Fig. 7(b), VR ¼ 1:3VA , while nhr =ne
is kept as 0.5%. Compared with Fig. 3, where VR ¼ 1:0VA , we
also find that the proton ring velocity cannot be too large in
order to form a continuous spectrum. When VR ¼ 1:3VA , a
continuous spectrum cannot be formed no matter how we
enlarge the mass ratio and the light speed.
IV. CONCLUSIONS AND DISCUSSION

In this paper, we investigate the properties of the excited
perpendicular magnetosonic waves under different plasma
conditions with the linear theory. The conclusions are summarized as follows:
(1) A tenuous proton ring distribution is unstable to perpendicular magnetosonic waves. When the proton to electron mass ratio or the ratio of the light speed to the
Alfven speed is small, the excited magnetosonic waves
are prone to having a discrete spectrum with only several
wave modes. With the increase of the proton to electron
mass ratio or the ratio of the light speed to the Alfven
speed, both the frequency and growth rate increase, and
the spectrum of the excited waves becomes broader.
Moreover, a continuous spectrum may be formed due to
the merging of growth rate peaks when the proton to
electron mass ratio and the ratio of the light speed to the
Alfven speed are sufficiently large.
(2) The increase of the density of the ring distribution protons can enhance the growth rate of the excited waves
while the frequencies nearly keep unchanged, and then a
continuous spectrum is easier to be formed.
(3) The increase of the proton ring velocity tends to increase
the number of unstable wave modes. Although the spectrum of magnetosonic waves becomes broader, the
growth rate of the excited wave modes becomes smaller,
and the spectrum may change from a continuous structure to a discrete one.
In PIC simulations of magnetosonic waves, the reduced
ratios of the proton mass to electron mass and the light speed
to Alfven speed are usually used,24 and our theoretical calculations have shown that this will cause the spectral properties
of the excited magnetosonic waves to change significantly.
Therefore, the ratio of the proton mass to electron mass and
the light speed to Alfven speed should be chosen carefully in
PIC simulations of magnetosonic waves. In the Earth’s magnetosphere, the plasma parameters are quite variable, which
are closely dependent on the location and the level of geoactivity. Therefore, we have considered a broad range of
plasma parameters (such as nhr =ne and VR =VA ) in this study.
It is worth noting that the cold plasma density and magnetic
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field used here may be smaller than the typical values near the
plasmapause (i.e., B0  100–500 nT and ne  20–60 cm3).
However, all the relevant plasma parameters in this study
have already been normalized by the background plasma parameters, so the conclusions should have generality.
Recently, Chen25 has studied the effects of the wave
normal angle on the spectral structure of magnetosonic
waves using the linear theory. In his paper, he used two subtracted Maxwellian distributions to assume a ring velocity
distribution, which provides lower growth rates than an ideal
ring velocity distribution (used here) if the same nhr =ne is
chosen. This is why he got narrow spectral peaks at harmonics for the perpendicular wave normal angle (Figure 1 in
Chen’s paper).
In Paper II,26 we will study the excitation of magnetosonic waves with PIC simulations, and the nonlinear characteristics of these waves will also be investigated. In addition,
our theoretical calculations also show that a continuous spectrum is formed due to the merging of growth rate peaks
when the growth rate of magnetosonic waves is sufficiently
large. This is consistent with the satellite observations of
Trurutani et al.,10 where they found that a continuous spectrum of magnetosonic waves is usually formed when their intensity is large.
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