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In this paper, we perform one-dimensional particle-in-cell simulations to investigate the properties of
perpendicular magnetosonic waves in a plasma system consisting of three components: cool electrons, cool protons, and tenuous ring distribution protons, where the waves are excited by the tenuous
proton ring distribution. Consistent with the linear theory, the spectra of excited magnetosonic waves
can change from discrete to continuous due to the overlapping of adjacent unstable wave modes. The
increase of the proton to electron mass ratio, the ratio of the light speed to the Alfven speed, or the
concentration of protons with a ring distribution tends to result in a continuous spectrum of magnetosonic waves, while the increase of the ring velocity of the tenuous proton ring distribution leads to a
broader one, but with a discrete structure. Moreover, the energization of both cool electrons and protons and the scattering of ring distribution protons due to the excited magnetosonic waves are also
observed in our simulations, which cannot be predicted by the linear theory. Besides, a thermalized
proton ring distribution may lead to the further excitation of several lower discrete harmonics with
C 2016 AIP Publishing LLC.
their frequencies about several proton gyrofrequencies. V
[http://dx.doi.org/10.1063/1.4941284]

I. INTRODUCTION

Ion Bernstein modes in the magnetosphere, also known
as equatorial noises or magnetosonic waves, which propagate nearly perpendicular to the background magnetic field,
are frequently observed in the vicinity of the geomagnetic
equator in the region between L ¼ 2 and 8.1–5 In Paper I by
Sun et al.,6 we have examined the linear properties of perpendicular magnetosonic waves excited by a tenuous proton
ring distribution under different plasma conditions. The frequencies of magnetosonic waves range from the proton gyrofrequency to the lower hybrid frequency. With the increase
of the proton to electron mass ratio and the ratio of the light
speed to the Alfven speed, the spectrum of magnetosonic
waves becomes broader and continuous from only several
discrete modes. Such a continuous spectrum is formed due to
the merging of growth rate peaks. The increase in the concentration of protons of the ring distribution can enhance
the growth rate of the excited waves, which may also change
the spectrum from a discrete to a continuous form, while the
increase of the ring velocity of the tenuous proton ring distribution tends to cause a broader but discrete spectrum.
In this paper, with a one-dimensional (1D) particle-incell (PIC) simulation model, we investigate the linear and
nonlinear properties of perpendicular magnetosonic waves
excited by a tenuous proton ring distribution. The linear
properties of these waves under different plasma conditions
a)
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are reproduced in our PIC simulations, and the effects of
magnetosonic waves on cool electrons, cool protons, and
ring distribution protons are also studied.
The paper is organized as follows. Sec. II describes the
simulation model. The simulation results are presented in Sec.
III. At last, conclusions and discussion are given in Sec. IV.
II. SIMULATION MODEL

In this paper, 1D electromagnetic PIC simulations are
employed to investigate the excitation of magnetosonic
waves driven by a proton ring distribution. The 1D PIC simulations allow spatial variations only in the x direction, and
periodic boundary conditions are used. The uniform background magnetic field B0 is along the y axis. It is reasonable
to study the evolution of the magnetosonic waves with 1D
PIC simulations, since magnetosonic waves usually propagate perpendicular to the background magnetic field.2–7
Initially, we assume a uniform and magnetized plasma
consisting of three components: cool electrons, cool protons,
and ring distribution protons. Their number densities are ne ,
nhc , and nhr , respectively. To satisfy the charge neutrality, it
requires ne ¼ nhc þ nhr . The distribution function of ring distribution protons is given by fhr ¼ nhr dðvjj Þdðv?  VR Þ
=ð2pv? Þ, where vjj and v? are velocities parallel and perpendicular to the background magnetic field B0 ¼ B0 ey , and VR is
the proton ring velocity. If not mentioned explicitly, the proton
ring velocity is set VR ¼ 1:0VA , where VA is the Alfven speed.
The cool electrons and cool protons are assumed to satisfy a
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Maxwellian distribution. The thermal speed of the cool protons
is set to 0:00635VA and the corresponding bp ¼ 4  105 .The
cool electrons adopt the same temperature as cool protons.
In the simulations, the number densities are normalized
to the electron number density ne , and the velocities are
expressed in the units of the Alfven speed VA . Space and time
arepexpressed
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃin the units of the proton inertial length ki
¼ mh =ne l0 e2 and the inverse of the proton cyclotron frequency Xh ¼ eB0 =mh , respectively, where mh is proton mass,
l0 is vacuum permeability, and e is elementary charge. The
number of grid cells is 8192, and there are on average 60 macroparticles in every cell for each species. The grid cell size
and time step are Dx ¼ 103 VA =Xh and Dt ¼ 0:5 
104 Xh 1 when the light speed is chosen as c=VA ¼ 12, while
Dx ¼ 0:75  103 VA =Xh and Dt ¼ 0:25  104 Xh 1 when
c=VA ¼ 20.
III. SIMULATION RESULTS

The linear theory has predicted that the proton ring distribution can excite magnetosonic waves propagating perpendicular to the background magnetic field.7 At the same
time, with the increase of proton-to-electron mass ratio, the
ratio of the light speed to the Alfven speed, or the concentration of ring distribution protons, the linear growth rate (normalized by the proton cyclotron frequency) of generated
waves increases. As a result, the spectrum of magnetosonic
waves can change from discrete to continuous. The detailed
theoretical results have already been elaborated in Paper I.6
In this paper, we use 1D PIC simulations to study the excitation of magnetosonic waves by a proton ring distribution and
compare the result with that obtained from the linear theory.
The parameters for different PIC simulations are listed in
Table I. For clarity, the maximum growth rates obtained
from both simulations cðkmax Þ=Xh and the linear theory6
c ðkmax Þ=Xh , and the saturation amplitudes ðdB2 =B20 Þmax
have also been listed in Table I. To calculate the maximum
growth rates, we first obtain the time profile of wave amplitudes for the wave number with the largest growth rate predicted by the linear theory, and then calculate its slope
before the saturation stage as the maximum growth rate. The

FIG. 1. Time evolution of spatially averaged wave energy for fluctuating
magnetic fields dB2 =dB20 for case 1.

saturation amplitude is determined by the maximum amplitude during the simulation.
Figure 1 shows the time evolution of spatially averaged
fluctuating magnetic fields for case 1. The intensities of
dBx =B0 and dBz =B0 are below the noise level, and the magnetic field dB=B0  dBy =B0 . The magnetosonic waves begin
to be excited at about Xh t ¼ 20, and then undergo a linear
growth stage. A saturation stage is reached at about
Xh t ¼ 40. The power spectrum, which is obtained by Fourier
transforming of dBy =B0 from Xh t ¼ 0 to 60, is displayed in
Fig. 2. The discrete peaks at harmonic frequencies x ¼ 5Xh ,
6Xh , and 7Xh are clearly observed. These discrete spectral
peaks are consistent with the growth rate profile predicted
from the linear theory6 (red lines in Fig. 2).
Figures 3(a) and 3(b) show the fluctuating magnetic field
dBy =B0 as a function of wave numbers at Xh t ¼ 25 and 80,
respectively. At the linear growth stage (Xh t ¼ 25), the
energy of fluctuating magnetic fields concentrates at
kVA =Xh  9. While at the saturation stage (Xh t ¼ 80), the
peak at kVA =Xh  9 is reduced and the energy of fluctuating
magnetic field spreads into a broader wavenumber space.
We also investigate the evolution of velocity distributions
for cool electrons, cool protons, and energetic ring distribution
protons during the excitation of magnetosonic waves. Figures
4(a) and 4(b) show the electron velocity distribution for case

TABLE I. Parameters for different simulation cases.
Case
1
2
3
4
5
6
7
8

VR
VA
1
1
1
1
1
1
1
1.3

nhr
ne
2.0%
2.0%
2.0%
2.0%
2.0%
0.5%
1.0%
1.0%

c
VA
12
20
20
20
12
20
20
20

mh
me
100
1600
100
900
1600
1600
1600
1600

c ðkmax Þa
Xh
b

0.29 (9.2)
0.73 (15.7)
0.33 (8.9)
0.69 (14.6)
0.35 (11.3)
0.36 (15.7)
0.49 (15.4)
0.34 (15.4)

cðkmax Þ
Xh
0.20
0.60
0.32
0.56
0.27
0.30
0.48
0.31

dB2
B20

!
max

1:95  103
1:52  103
1:66  103
1:37  103
1:92  103
0:40  103
0:60  103
1:17  103

a
The kmax is the wave number with the maximum growth rate based on the
linear theory.
b
The value out of the parenthesis is the maximum growth rate, while the
value within it is the corresponding wave number kmax . The unit of wave
numbers is Xh =VA .

FIG. 2. The power spectrum obtained by Fourier transforming of dBy =B0
from Xh t ¼ 0 to 60 for case 1, which is shown by the black line. The red
line in the panel denotes the growth rate c=Xh calculated by the linear theory
with the same parameters.
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FIG. 3. The fluctuating magnetic field dBy =B0 as a function of wave numbers for case 1 at (a) Xh t ¼ 25 and (b) Xh t ¼ 80.

1 at Xh t ¼ 0 and 80, and Figure 4(c) displays the time profile
of electron kinetic energy, Figures 4(d)–4(f) for ring distribution protons, and Figures 4(g)–4(i) for cool protons. In first
two columns, solid and dashed lines denote the total and parallel velocity distributions, respectively. It is worth noting that
for ring distribution protons, only perpendicular kinetic
energy is shown in Fig. 4(f) due to their negligible parallel kinetic energy. For the same reason, we only plot their total velocity distribution in Figs. 4(d) and 4(e). Initially, the electron
velocity distribution satisfies a Maxwellian distribution. At
the saturation stage (Xh t ¼ 80), the electron velocity distribution becomes broader which indicates the increase of the temperature (Fig. 4(b)). As shown in Fig. 4(c), the heating of
electrons by the excited magnetosonic waves mainly occurs in
the perpendicular direction. The perpendicular energization of
cool protons due to the excited magnetosonic waves can also
be found in the bottom row. However, for ring distribution
protons shown in the middle row, their velocity distribution is
scattered into a thick shell distribution, and they lose a part of

FIG. 5. The power spectrum obtained by Fourier transforming of dBy =B0
from Xh t ¼ 0 to 60 for case 2, which is shown by the black line. The red
line in the panel denotes the growth rate c=Xh calculated by the linear theory
with the same parameters.

kinetic energy to generate the magnetosonic waves. For all
three components, their parallel velocity distributions nearly
remain unchanged, which are consistent with the negligible
increase in parallel kinetic energies as shown in the third column. It is shown that the temporal evolution of the perpendicular kinetic energies of cool protons and electrons is closely
correlated with that of wave amplitudes (Figure 1). This is
because cool protons and electrons are the carrier of excited
waves, and their velocities are coupled with the wave electromagnetic fields. However, the perpendicular spread of the proton ring distribution is due to the phase trapping by the
excited waves,7 which then contributes to the saturation of the
instability. The involved particle dynamics are interesting and

FIG. 4. The electron velocity distributions for case 1 at (a) Xh t ¼ 0 and (b)
Xh t ¼ 80, and (c) the time profile of
electron kinetic energy, while (d)–(f)
for cool protons, and (g)–(i) for ring
distribution protons. In first two columns, solid and dashed lines denote
the total and parallel velocity distributions, respectively. The solid and dotted lines in the third column denote
perpendicular and parallel kinetic
energy, respectively.
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FIG. 6. Scatter plots of ring protons in
the (vx, vz) space for case 2 at (a)
Xh t ¼ 0 and (b) Xh t ¼ 30, and (c) the
time evolution of magnetic amplitudes
for lower (1–6 Xh , dotted line) and
higher (7–17 Xh , solid line) harmonic
modes.

FIG. 7. The fluctuating magnetic field dBy =B0 as a function of wave numbers for case 2 at (a) Xh t ¼ 25 and (b) Xh t ¼ 80.

need to be further studied, but it is beyond the scope of this
paper.
For case 2, the time profile of fluctuating magnetic fields
is quite similar to that for case 1, but with a much larger
growth rate (Table I). Figure 5 displays the power spectrum,
which is obtained by Fourier transforming of dBy =B0 from
Xh t ¼ 0 to 60 for case 2. The spectral power density shows a
continuous structure with a peak near x ¼ 11:5Xh . The continuous spectrum extends from about x ¼ 9Xh to 15Xh ,
which is in agreement with the result obtained from the linear
theory (red lines in Fig. 6). However, the spectrum also shows
discrete peaks at harmonic frequencies 1, 2, …, and 6Xh ,
which are not predicted by the linear theory (red lines in Fig.
5). The generation of these harmonic modes can be explained
based on Fig. 6, which shows scatter plots of the ring distribution protons in the spatial region from x ¼ 3 to 3.05 VA =Xh at
(a) Xh t ¼ 0 and (b) Xh t ¼ 15, and (c) the time evolution of
magnetic amplitudes for lower (1–6 Xh , dotted line) and
higher (7–17 Xh , solid line) harmonic modes. To obtain the
time evolution of wave amplitudes, we first decompose the
time series of dBy =B0 with the wavelet method to get
the wave power as functions of time and frequency. Then, the

magnetic amplitudes are calculated through the integration of
wave power from 1 Xh to 6 Xh and 7 Xh to 17 Xh at each
time. We can find that the ring distribution protons will be
scattered by the magnetosonic waves when the waves are
excited. There are many protons with velocities exceeding the
Alfven speed. Based on the linear theory, as proton ring velocity increases, the instability shifts toward lower harmonics.8 Those protons with velocities exceeding the Alfven
speed might be responsible for generating the magnetosonic
waves with frequencies 1, 2, …, and 6Xh . This can also be
confirmed by the continuous increase in wave amplitudes of
lower harmonic modes as found in Fig. 6(c), even after the
saturation of higher harmonic modes.
Figures 7(a) and 7(b) display the fluctuating magnetic
field dBy =B0 as a function of wave numbers for case 2 at
Xh t ¼ 10 and 50, respectively. At the linear growth stage
(Xh t ¼ 10), the energy of fluctuating magnetic field concentrates at kVA =Xh  15. At the saturation stage (Xh t ¼ 50),
the energy of fluctuating magnetic field also extends into a
broader wavenumber space. Similar to case 1, the energization of each component is dominant in the perpendicular
direction (not shown).
Figure 8(a) presents the energy of fluctuating magnetic
field dB2 =B20 versus the normalized wave frequency x=Xh
for case 3, Figure 8(b) for case 4, and Figure 8(c) for case 2.
With the increase in the mass ratio, more wave modes are
excited. As the frequencies of dominant modes become
larger, the spectral range of the excited waves becomes
broader. We can also find that the spectrum of magnetosonic
waves changes from a discrete to a continuous spectrum
with the increase of the mass ratio. These results are consistent with the growth rate profile obtained from the linear
theory (red lines in Fig. 8). Figure 9(a) shows the energy of
fluctuating magnetic field dB2 =B20 versus the normalized
wave frequency x=Xh for case 5 and Figure 9(b) for case 2.

FIG. 8. The power spectrum obtained
by Fourier transforming of dBy =B0
(black lines) from Xh t ¼ 0 to 60 for (a)
case 3, (b) case 4, and (c) case 2. The
red line in each panel denotes the
growth rate c=Xh calculated by the linear theory with the same parameters
for the corresponding case.
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FIG. 9. The power spectrum obtained by Fourier transforming of dBy =B0
(black lines) from Xh t ¼ 0 to 60 for (a) case 5 and (b) case 2. The red line in
each panel denotes the growth rate c=Xh calculated by the linear theory with
the same parameters for the corresponding case.

Similar to the increase of the mass ratio, the increase of the
ratio of the light speed to Alfven speed favors the excited
magnetosonic waves at larger frequencies and over a broader
spectrum. The consistent linear theory results are displayed
in Fig. 9 with the red lines, except the first few harmonics.
The effects of the number density of the ring distribution
protons and the proton ring velocity on the spectrum of
excited magnetosonic waves are also considered. With the
increase of the number density or the velocity of the ring distribution protons, the dominant spectral range of the excited
waves becomes broader (not shown).

Phys. Plasmas 23, 022902 (2016)

might be due to the proton ring distribution that experiences
scattering by ion Bernstein waves. In addition, we also find
that the excited magnetosonic waves can energize both cool
electrons and protons preferentially in the perpendicular
direction and scatter the ring distribution protons.
Satellite observations9,10 have shown that magnetosonic
waves in the inner magnetosphere usually have a discrete
spectrum. However, recent observations have demonstrated
that magnetosonic waves may also have a continuous spectrum. The results obtained in this paper provide valuable
insight when one interprets different spectra of magnetosonic
waves in the inner magnetosphere. According to our simulations, the energization of cool background plasma is very
effective, which may enable them to become visible for the
plasma instruments onboard various satellites in the inner
Earth’s magnetosphere.
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IV. CONCLUSIONS AND DISCUSSION

In this paper, by performing 1D PIC simulations, we
investigate the properties of the excited magnetosonic waves
by a tenuous proton ring distribution under different plasma
conditions, and the waves are assumed to propagate perpendicular to the background magnetic field. The spectrum of
the excited magnetosonic waves may change from discrete
to continuous if we increase the proton to electron mass ratio, the ratio of the light speed to the Alfven speed, or the
concentration of protons with a ring distribution. When we
increase the ring velocity of the tenuous proton ring distribution, the spectrum tends to change from a continuous one to
a discrete one because the frequency range becomes broader
with the unchanged free energy. These results are consistent
with the prediction of the linear theory except for the first
several harmonics. The formation of those low harmonics
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