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Abstract

Nonlinear physical processes related to whistler mode waves are attracting more and more
attention for their signiﬁcant role in reshaping whistler mode spectra in the Earth’s magnetosphere.
Using a 1-D particle-in-cell simulation model, we have investigated the nonlinear evolution of parallel
counter-propagating whistler mode waves excited by anisotropic electrons within the equatorial source
region. In our simulations, after the linear phase of whistler mode instability, the strong electrostatic standing
structures along the background magnetic ﬁeld will be formed, resulting from the coupling between
excited counter-propagating whistler mode waves. The wave numbers of electrostatic standing structures
are about twice those of whistler mode waves generated by anisotropic hot electrons. Moreover, these
electrostatic standing structures can further be coupled with either parallel or antiparallel propagating
whistler mode waves to excite high-k modes in this plasma system. Compared with excited whistler mode
waves, these high-k modes typically have 3 times wave number, same frequency, and about 2 orders of
magnitude smaller amplitude. Our study may provide a fresh view on the evolution of whistler mode waves
within their equatorial source regions in the Earth’s magnetosphere.

1. Introduction
Whistler mode waves are intense electromagnetic emissions that occur naturally in the Earth’s inner
magnetosphere (Burtis & Helliwell, 1969; Gao, Mourenas, et al., 2016; Meredith et al., 2001; Santolík et al.,
2003; Tsurutani & Smith, 1974), which are believed to play an important role in regulating electron dynamics
in the Van Allen radiation belt (Horne et al., 2003; Horne & Thorne, 1998; Lorentzen et al., 2001). Through
resonant wave-particle interactions, whistler mode waves can efﬁciently accelerate ~100 keV electrons to
~MeV energies during geoactive periods, leading to the rapid enhancement of relativistic electrons in the
outer radiation belt (Meredith et al., 2001; Summers et al., 1998; Thorne et al., 2013; Xiao et al., 2014).
Furthermore, they are considered to be the contributor of lower-energy (0.1–30 keV) diffuse auroral precipitation in the Earth’s atmosphere (Ni et al., 2008, 2011; Nishimura et al., 2013; Thorne et al., 2010), as well as the
relativistic (>1 MeV) electron microburst precipitation (Lorentzen et al., 2001). In the Earth’s magnetosphere,
whistler mode waves usually exhibit as either discrete rising/falling tones or hiss-like emissions in the
dynamic spectrogram (Burtis & Helliwell, 1969; Burton & Holzer, 1974; Gao et al., 2014a; Li et al., 2012), which
are typically divided in two bands, that is, lower and upper bands, by a power gap around 0.5 fce (fce is the
equatorial electron cyclotron frequency) (Li et al., 2011; Santolík et al., 2003; Tsurutani & Smith, 1974).
Based on observations by Time History of Events and Macroscale Interactions during Substorms satellites,
whistler mode waves in lower band usually have smaller wave normal angles (WNA < 30°), but there is also
a nonnegligible population with very large WNAs (WNA > 60°) (Li et al., 2011).
Both observations (Fu et al., 2014; Gao et al., 2014a; Li et al., 2010) and the linear theory (Gary & Karimabadi,
2006; Kennel & Petschek, 1966; Omura et al., 2008; Scharer & Trivelpiece, 1967) have suggested that energetic
electrons (~10 keV) with a temperature anisotropy (T⊥e/T∥e > 1, where T⊥e and T∥e are perpendicular and parallel temperatures of electrons with respect to the background magnetic ﬁeld, respectively) can provide the
free energy to excite whistler mode waves in the Earth’s magnetosphere. The major source region of whistler
mode waves was predicted to locate near the magnetic equator by the linear theory, where the Earth’s
magnetic ﬁeld reaches its local minimum (Helliwell, 1967). This has already been conﬁrmed by many
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observational works, further showing that their source region just extends to several degrees of magnetic latitude from the magnetic equator (LeDocq et al., 1998; Parrot et al., 2003; Santolík et al., 2003). In the source
region, whistler mode waves are typically detected with opposite Poynting ﬂux directions and very small
WNAs (Li et al., 2013), which is also supported by the linear theory (Gary & Karimabadi, 2006; Omura et al.,
2008) and particle-in-cell (PIC) simulations (Ke et al., 2017).
Nonlinear wave-wave interactions related to whistler mode waves are attracting more and more attention for
their important role in reshaping whistler mode spectra in the magnetosphere (Chen et al., 2017; Fu et al.,
2017; Gao, Lu, et al., 2016; Gao, Ke, et al., 2017; Gao, Lu, et al., 2017). Using Time History of Events and
Macroscale Interactions during Substorms waveform data, Gao, Lu, et al. (2016) have reported two multiband
whistler mode events, where upper-band waves are found to be the second harmonic of lower-band waves.
Then, they proposed that upper-band waves are excited through the coupling between the electromagnetic
and electrostatic components of lower-band whistler waves (i.e., lower band cascade), which could be a
potential generation mechanism of upper-band whistler mode waves in the Earth’s magnetosphere. Lower
band cascade is also conﬁrmed by PIC simulations, which have successfully reproduced those reported multiband whistler waves (Chen et al., 2017; Gao, Ke, et al., 2017). Moreover, two lower-band whistler mode waves
are also observed to resonantly interact with each other, leading to the generation of oblique upper-band
waves (Gao, Lu, et al., 2017). With a PIC simulation model, Fu et al. (2017) suggested that the nonlinear coupling between two lower-band whistler mode waves could be a possible mechanism to excite oblique whistler mode waves. However, the pump whistler mode wave is usually required to have a ﬁnite WNA, since its
electrostatic component is quite necessary in nonlinear coupling processes.
In this study, with a one-dimensional (1-D) PIC simulation model, we will investigate the nonlinear evolution
of parallel counter-propagating whistler mode waves excited by anisotropic electrons, which are typically
observed in the equatorial source region. In our simulations, after the linear phase of whistler mode instability, the electrostatic standing structures along the background magnetic ﬁeld will appear, which are caused
by the excited counter-propagating whistler mode waves. Moreover, we further ﬁnd that whistler mode
waves can be coupled with these electrostatic structures, driving high-k modes in this plasma system. This
paper is organized as follows. The 1-D PIC simulation model and initial setup are presented in section 2,
followed by the simulation results in section 3. At last, we will summarize the principle results and give some
discussions in section 4.

2. 1-D PIC Simulation Model
For studying the nonlinear evolution of whistler mode waves within the equatorial source region, we have
employed a 1-D PIC simulation model, which can solve three-dimensional velocities and electromagnetic
ﬁelds but only allows spatial variations in the x direction (Gao, Ke, et al., 2017; Lu et al., 2004, 2010). This
simulation model is performed in a magnetized, homogenous, and collisionless plasma with a periodic
boundary. The background magnetic ﬁeld is along the x axis, that is, B0 ¼ B0 b
x. This means the excited whistler mode waves will be strictly parallel or antiparallel propagating, which should be a typical situation
within the equatorial source region. The simulation model consists of three plasma components representing cool electrons and protons (Maxwellian velocity distributions) and tenuous anisotropic hot electrons
(bi-Maxwellian velocity distribution). Hereafter, subscripts “p,” “c,” and “h” refer to cool protons, cool electrons, and anisotropic hot electrons, respectively. For each species, there are on average 10,000 macroparticles in every cell. Their number densities are np, nc, and nh, respectively, and satisfy condition np = nc + nh.
Because the proton gyrofrequency is much smaller than the frequency of whistler waves, protons are only
treated as particles with inﬁnite mass, which are simply assumed to be an immobile positively changed
background.
All parameters in our simulations have been normalized. The magnetic ﬁelds and velocities are normalized by
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
B0 and VAe (where V Ae ¼ B0 = μ0 n0 me, μ0 is the vacuum permeability, n0, i.e., np, is the plasma density, and me
is the mass of electron), while the units of space and time are VAe/Ωe and the inverse of electron gyrofrequency Ω1
e . There are 2,048 grid cells in the simulation box, and the length of each cell is set as
Δx = 0.3VAe/Ωe. If we assume the background magnetic ﬁeld and plasma density to be B0 = 80 nT and
n0 = 1 cm3, which are typical values at L-shell = 7 in the Earth’s magnetosphere (Gao et al., 2014b; Li et al.,
2009), then the ratio of the plasma frequency to electron gyrofrequency will be given as ωpe/Ωe = 4. The
CHEN ET AL.
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thermal velocity for cool electrons is vc = 0.01VAe. And the temperature
of protons is the same as that of cool electrons, which means that their
thermal velocity is vp = 2.3 × 104VAe. The total simulation time is 500
Ω1
with a time step Δt ¼ 0:025Ω1
e
e . Two simulation runs are
performed in this study: case I with nh = n0, vh‖ = 0.8VAe, and
Th⊥/Th‖ = 2.5 (where Th⊥ and Th‖ are perpendicular and parallel
temperatures of hot electrons, respectively) and case II with nh = 0.1n0,
vh‖ = 1.0VAe, and Th⊥/Th‖ = 4.0.

3. Simulation Results
Figure 1 gives an overview of case I, which displays (a) the time evolution of the perpendicular temperature Th⊥/Th‖0 (blue solid line), parallel
temperature Th‖/Th‖0 (red solid line), temperature anisotropy Th⊥/Th‖
(black dashed line) of hot electrons, and ﬂuctuating magnetic ﬁelds
δB2⊥ =B20 (black solid line); (b) k-t magnetic spectrogram; and (c) time
proﬁles of magnetic amplitudes for bands A (dashed line) and B
(solid line). In Figure 1b, the magenta dashed line shows the linear
growth rates of whistler mode waves as a function of wave numbers
for the initial setup, which are calculated by using WHAMP model
(https://github.com/irfu/whamp). The dominant wave number with
the maximum power for band A is denoted by the white dashed
line, while its third times given by the black dashed line. As shown
in Figure 1a, the temperature anisotropy of hot electrons begins to
decrease at ~25Ω1
e , leading to the rapid enhancement of the ﬂuctuating magnetic ﬁeld energy. The ﬂuctuating magnetic ﬁelds grow
exponentially until ~50 Ω1
and saturate at ~180 Ω1
with the
e
e
2 2
maximum amplitude as ~ 1:710 B0 . Based on previous works,
the anisotropic hot electrons are unstable to excite whistler mode
waves, which will then scatter hot electrons to reduce their
temperature anisotropy (Gary et al., 2000; Lu et al., 2010). The
asterisk in Figure 1b marks the most unstable mode predicted by
the linear theory with wave number ~0.72VAe/Ωe, which is consistent
with the dominant wave number of band A at 25Ω1
e . Surprisingly,
Figure 1. (a) Time history of the perpendicular temperature Th⊥/Th‖0 (blue the k-t spectrogram of ﬂuctuating magnetic ﬁelds exhibits a twosolid line), parallel temperature Th‖/Th‖0 (red solid line), and temperature
band structure, which includes the expected whistler mode waves
anisotropy Th⊥/Th‖ (black dashed line) of hot electrons and ﬂuctuating magnetic
with relatively smaller wave numbers (band A) and the high-k
2
2
ﬁelds δB⊥ =B0 (black solid line); (b) The k-t spectrogram of ﬂuctuating magnetic
modes with relatively larger wave numbers (band B). We further ﬁnd
ﬁelds δB⊥/B0, which is obtained by performing the fast Fourier transform to
that the black dashed line quite follows the dominant wave number
δB⊥(x, t)/B0 only in the spatial space; (c) time evolution of magnetic amplitudes
for bands A (dashed line) and B (solid line). In Figure 1b, the magenta dashed
of band B, meaning the wave numbers of band B are nearly 3 times
line represents the linear growth rates of whistler mode waves with asterisk
those of band A. Besides, the wave numbers of both bands are
marking the most unstable mode. The dominant wave number with the
observed to drift to smaller values, which are similar to previous
maximum power for band A is denoted by the white dashed line, while its third
simulation results (Chen et al., 2017; Sydora et al., 2007). In
times given by the black dashed line.
Figure 1c, the magnetic amplitude of band A begins to increase
from the very beginning, while the band B starts to grow just when band A has the sufﬁciently large
magnetic amplitude. Moreover, the amplitude of band B is about 2 orders smaller than that of band A.
The dispersion relation of two bands is illustrated in Figure 2, where the black line gives the linear dispersion
relation of whistler mode waves at Ωet = 100 and the asterisks represent the dominant wave mode for each
band. We can clearly ﬁnd that bands A and B are propagating in both parallel (k > 0) and antiparallel (k < 0)
directions. Here the magnetic ﬂuctuations are decomposed into positive and negative helical parts following
the method developed by Terasawa et al. (1986). Since whistler waves are right-hand polarized, then the
positive and negative helical parts of ﬂuctuating magnetic ﬁelds correspond to parallel and antiparallel
propagating waves, respectively. The dominant mode of band A is located right on the linear dispersion
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Figure 2. The dispersion relation of two bands during Ωet = 50  150, where the
black line represents the linear dispersion relation of whistler mode waves at
Ωet = 100. The white and black asterisks denote the dominant wave mode for
bands A and B, respectively.
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curve with kVAe/Ωe ≈ ± 0.61 and ω/Ωe ≈ 0.31, which indicates that band
A belongs to counter-propagating whistler mode waves excited from
anisotropic hot electrons. However, the dominant mode of band B is
far away from the dispersion curve of whistler mode waves, suggesting
the band B is not a normal mode in this plasma. Moreover, we further
ﬁnd the dominant wave number of band B is ~±1.81VAe/Ωe, which is
about 3 times that of band A, but the dominant wave modes of both
bands nearly have the same frequency. Here the high-k modes in band
B are generated through a series of wave-wave coupling processes
during the nonlinear evolution of whistler mode waves, which will be
shown in the following results.

Figure 3 displays the temporal evolution of (a) ﬂuctuating magnetic
ﬁelds δBy/B0 and (b) ﬂuctuating electric ﬁelds δEx/VAeB0 along the x axis.
Figure 3a shows that the disturbed magnetic ﬁelds begin to grow at
~25Ω1
from
the
background
noise
level,
which are whistler mode waves excited by anisotropic hot elece
trons. Moreover, whistler mode waves are observed to propagate in both parallel and antiparallel directions,
which is supported by both the linear theory (Gary & Karimabadi, 2006; Kennel & Petschek, 1966; Omura et al.,
2008; Scharer & Trivelpiece, 1967) and satellite observations (Li et al., 2013; Parrot et al., 2003; Santolik et al.,
2005). Meanwhile, the wavelengths of whistler mode waves are found to increase with time, which is
consistent with the drift of wave numbers shown in Figure 1b. For parallel propagating whistler mode waves,
they are purely electromagnetic waves and should not have any electrostatic components (i.e., parallel
electric ﬁelds). However, after ~50Ω1
e , the parallel electric ﬁelds also show up at locations where the counterpropagating whistler mode waves meet (Figure 3b). We further ﬁnd
that these localized electric ﬂuctuations are just electrostatic standing
structures. Figure 4 shows the spatial proﬁle of (a) ﬂuctuating magnetic
ﬁelds δBy/B0 and (b) ﬂuctuating electric ﬁelds δEx/(VAeB0) at 50Ω1
e . Since
the whistler mode spectrum has a ﬁnite bandwidth (Figure 1b), the
magnetic ﬁelds will experience strong modulation, leading to the formation of wave packets along the x axis (Figure 4). And the ﬂuctuating
electric ﬁelds are also strongly modulated in space, and their intensity is
positively correlated with that of δBy/B0.
These electrostatic standing structures are further analyzed in Figure 5,
which illustrates (a) the k-t spectrogram and (b) dispersion relation during Ωet = 50  100 of parallel electric ﬁelds δEx/VAeB0. In Figure 5a, the
black dashed line represents two times wave numbers of whistler
mode waves in Figure 1b (white dashed line), which can well depict
the time evolution of parallel electric ﬁelds. This means the dominant
wave number of parallel electric ﬁelds is precisely twice that of whistler
mode waves (band A). The maximum power is marked by an asterisk in
Figure 5b, which is located at about (1.25VAe/Ωe, 0Ωe). The dispersion
relation has also conﬁrmed that the ﬂuctuating parallel electric ﬁelds
should be electrostatic standing structures with twice wave numbers
of counter-propagating whistler mode waves.

Figure 3. The temporal evolution of (a) ﬂuctuating magnetic ﬁelds δBy/B0 and
(b) ﬂuctuating parallel electric ﬁelds δEx/VAeB0 along the x axis.

CHEN ET AL.

In our simulations, those electrostatic standing structures are generated due to the coupling between counter-propagating whistler mode
waves, then they will be coupled with either the parallel or antiparallel
propagating whistler mode waves to drive high-k modes in band B.
Their phase coupling can be quantitatively measured by the bicoherence index, which is close to 1 when the involved three wave modes
satisfy the resonant condition k1 ± k2 = k3 and ω1 ± ω2 = ω3 (van
Milligen et al., 1995). Figure 6a gives the bicoherence index among
the electrostatic standing structures (kEx) and counter-propagating
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whistler mode waves (kA+ and kA) during Ωet = 50  70, while Figure 6
b displays the bicoherence index among the electrostatic standing
structures (kEx), parallel propagating whistler mode waves (kA+),
and high-k modes in band B (kB+) during Ωet = 50  70. The

2
bicoherence indices bc are deﬁned as  By ðk Aþ ÞBy ðk A ÞE  ðk Ex Þ  =
x

D
E2
D
 ED
 E


By ðk Aþ ÞBy ðk A Þ2 E  ðk Ex Þ2
and  By ðk Aþ ÞE x ðk Ex ÞBy ðk Bþ Þ  =
x

2 
D
 E 
By ðk Aþ ÞE x ðk Ex Þ2 B ðk Bþ Þ
(where kEx = kA+  kA and kB+
y

= kEx + kA+ and the bracket h…i represents a time average over the 20
Ω1
e interval), respectively. As displayed in Figure 6a, the maximum bc
(black dashed circle) is just located at kA+VAe/Ωe ≈ 0.74, kAVAe/Ωe
≈  0.74, and kExVAe/Ωe ≈ 1.48, with bcmax ≈ 0.55, meaning there is a
strong coupling process among two counter-propagating whistler
mode waves and electrostatic standing structures with kEx = kA+
 kA = 2kA+ satisﬁed. This phenomenon is similar to that reported in
previous works about ion cyclotron waves (Guo, 2016; Mottez, 2012).
Figure 6b shows a strong coupling among kA+VAe/Ωe ≈ 0.73, kExVAe/Ωe
Figure 4. The spatial proﬁle of (a) ﬂuctuating magnetic ﬁelds δBy/B0 and (b)
1
≈ 1.40, and kB+VAe/Ωe ≈ 2.13, with bcmax ≈ 0.52 (white dashed circle).
ﬂuctuating parallel electric ﬁeld δEx/VAeB0 along the x axis at 50Ωe .
This indicates that the electrostatic standing structures can further be
coupled with counter-propagating whistler mode waves to drive high-k modes, whose dominant wave
number is about 3 times that of linearly excited whistler mode waves.
To produce a clearer banded spectrum, we choose an unrealistic initial setup in case I, that is, only the hot
electrons are considered (nh = n0), but this will not affect the principle results shown here. Further, we have
also performed another simulation run with a more realistic nh = 0.1n0 in the Earth’s magnetosphere (Gao
et al., 2014a), and its results are displayed in Figure 7. As shown in Figure 7a, although the high-k modes in
band B are much weaker, we can still clearly ﬁnd two bands in the plasma system, which is quite similar to
the spectrum shown in Figure 1b. Moreover, the electrostatic standing structures are also signiﬁcant, which
are observed to have about twice wave numbers of excited whistler mode waves in band A (Figure 7b). The
simulation results of case II indicate that the nonlinear coupling processes studied above should take place
during the evolution of whistler mode waves within their equatorial source region in the magnetosphere.

Figure 5. (a) The k  t spectrogram and (b) dispersion relation of parallel electric ﬁelds δEx/VAeB0. The black dashed line in
Figure 5a denotes 2 times wave numbers of whistler mode waves in Figure 1b (white dashed line).
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Figure 6. The bicoherence index (a) among the electrostatic standing structures (kEx) and counter-propagating whistler
mode waves (kA+ and kA) and (b) among the electrostatic standing structures (kEx), parallel propagating whistler
mode waves (kA+), and the high-k modes in band B (kB+) during Ωet = 50  70. The maximum bc is pointed out by the black
and white dashed circles in Figures 6a and 6b, respectively.

4. Conclusions and Discussion
With a 1-D PIC simulation model, we have studied the nonlinear evolution of parallel counter-propagating whistler mode waves excited by
anisotropic electrons within the equatorial source region. In our simulations, after the linear phase of whistler mode instability, the strong electrostatic standing structures along the background magnetic ﬁeld will
appear, which are caused by the couplings between excited counterpropagating whistler mode waves. The wave numbers of electrostatic
standing structures are about twice those of whistler mode waves generated by anisotropic hot electrons. Moreover, these electrostatic
standing structures can further be coupled with either parallel or antiparallel propagating whistler mode waves to drive high-k modes in this
plasma system, and these high-k modes are not normal modes in this
plasma system. Compared with excited whistler mode waves, these
high-k modes typically have 3 times wave number, same frequency,
and about 2 orders of magnitude smaller amplitude.

Figure 7. The k-t spectrum of (a) ﬂuctuating magnetic ﬁelds δB⊥/B0 and (b)
parallel ﬂuctuating electric ﬁelds δEx/VAeB0 for case II with the same format as
Figures 1b and 5a, respectively.

CHEN ET AL.

Nonlinear wave-wave interactions related to whistler mode waves are
becoming a hot topic, since their formed ﬁne spectral structures have
a signiﬁcant inﬂuence on wave-particles interactions in the Earth’s
magnetosphere. The previous works have already demonstrated that
whistler mode waves with ﬁnite WNAs can not only drive multiband
chorus waves (Chen et al., 2017; Gao, Lu, et al., 2016; Gao, Ke, et al.,
2017) but also be coupled with each other to drive oblique waves
(Fu et al., 2017; Gao, Lu, et al., 2017). However, within the equatorial
source region, whistler mode waves usually have negligible WNAs,
which are previously expected to be stable. Besides, those whistler
mode waves are also detected to propagate both northward and
southward (Li et al., 2013; Parrot et al., 2003; Santolik et al., 2005).
Based on our simulation results, the strong electrostatic standing
structures along the background magnetic ﬁeld can be formed
(Figures 5 and 7), resulting from the coupling between excited
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counter-propagating whistler mode waves (Figures 3 and 6). Moreover, these electrostatic standing structures can further be coupled with whistler mode waves to excite the high-k modes (Figures 1 and 7). The
wave number of the high-k mode is triple that of the whistler wave, while their frequencies are nearly the
same. Meanwhile, the frequency of electrostatic structures is almost zero. Therefore, both the high-k mode
and electrostatic structures cannot be identiﬁed in the time-frequency spectrogram from single-satellite
observations. The most promising way to identify them is through the wave number analysis, which then
requires the multiple-satellite observations. The latest MMS mission (Burch et al., 2016), consisting of four
nearby probes, may be more suitable for studying this nonlinear process, but this is beyond the scope
of this paper and left to a separate study. Meanwhile, how these high-k modes and electrostatic standing
structures interact with electrons is also worthy of further investigation. As a summary, our results may provide a new insight into the nonlinear evolution of whistler mode waves within their equatorial source
regions in the Earth’s magnetosphere.
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