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Abstract Magnetosonic (MS) waves are common plasma waves in the Earth's magnetosphere. The
self-consistent excitation of MS waves has been studied by 2D particle-in-cell simulations in the meridian and
equatorial planes of a dipole magnetic field. However, the direction of wave propagation is artificially limited
in the previous 2D simulations. Therefore, the 3D simulation of MS waves needs to be investigated. In this
paper, we investigate the excitation and evolution of MS waves in the Earth's dipole magnetic field based on

a 3D general curvilinear particle-in-cell simulation. We find that the MS waves are excited primarily within

3° of the equator when the thermal velocity of the ring distribution is much less than the ring velocity of the
ring distribution. These waves propagate along both the radial and azimuthal directions nearly perpendicular

to the background magnetic field. In the linear stage, the growth rates of MS waves are almost equal in the
radial and azimuthal directions. Compared with the waves propagating along the radial direction, the waves
propagating along the azimuthal direction can grow for a longer time, resulting in a larger wave amplification in
this direction after saturation. The simulation results provide a valuable insight to understand the self-consistent
evolution of MS waves in the Earth's dipole magnetic field, and the findings are useful for understanding the
plasma wave-particle interaction in the Earth's radiation belts.

Plain Language Summary The Earth's magnetosphere is a natural plasma laboratory. Since the
plasma in the magnetosphere is collisionless, electromagnetic waves are significant agents for the transport of
energy and momentum among different particles. The MS waves are important electromagnetic waves in the
magnetosphere, which have a frequency range from several Hertz to several hundred Hertz. Recently, these
waves have been receiving an increasing interest due to their potential importance in accelerating radiation belt
electrons and heating plasmaspheric ions. The 2D particle-in-cell simulations have been used to investigate
MS waves in the meridian and equatorial planes of a dipole magnetic field. However, the direction of wave
propagation is artificially limited in the previous 2D simulations. Thus, the 3D simulation of MS waves still
needs to be studied. In this paper, we perform a 3D particle-in-cell simulation to investigate the excitation of the
MS waves in a dipole magnetic field. A larger wave amplification is found in the azimuthal direction because
they can grow for a longer time in this direction. Our results can contribute to the understanding of the spatial
distribution of MS waves in the Earth's magnetosphere.

1. Introduction

Magnetosonic (MS) waves, also referred to as equatorial noise, are common electromagnetic waves in the
Earth's magnetosphere (Russell et al., 1970; Santolik et al., 2002). These waves have a frequency range from
several Hertz to several hundred Hertz, roughly between the local proton cyclotron frequency and the low hybrid
frequency (e.g., Balikhin et al., 2015). The statistical study by Ma et al. (2013) indicated that strong MS waves
have the root-mean-square amplitudes ~50 pT and an occurrence rate ~20% outside the plasmapause. Satellite
observations and numerical simulations have revealed that the MS waves can be excited by the ring distribution
protons with energy in the vicinity of 10 keV (Liu et al., 2011; Meredith et al., 2008; Perraut et al., 1982; Sun
et al., 2016a, 2020a). Moreover, it was shown that the wave excitation can be modulated by the plasmaspheric
density (Sun et al., 2021; Yuan et al., 2017). MS waves in the Earth's inner magnetosphere usually occur at several
harmonics of the local proton cyclotron frequency (e.g., Balikhin et al., 2015). Recent observations also showed
that MS waves sometimes exhibit the rising-tone (Boardsen et al., 2014; Fu et al., 2014) and continuous spectrum
(Tsurutani et al., 2014). Subsequently, Sun et al. (2016a, 2020b) employed particle-in-cell (PIC) simulations to
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Figure 1. The simulation domain in Cartesian coordinates. The black lines

represent the magnetic field lines.

reconstruct these phenomena. The simulation revealed that the strong wave
intensity leads to the formation of the continuous MS wave spectrum, while
the rising-tone MS waves can be attributed to the scattering of ring distribu-
tion protons.

MS waves have been receiving more attention recently because of their
potential role in accelerating and scattering relativistic electrons in the radia-
tion belts through Landau resonance (Horne et al., 2007), transit time effects
(Bortnik & Thorne, 2010; Li et al., 2014), and bounce resonance (Chen
etal., 2015; Tao & Li, 2016). According to Horne et al. (2007), the timescale
of electron acceleration by MS waves through Landau resonance can be as
short as 1 day, which is comparable to that of electron acceleration through
cyclotron resonance with whistler-mode chorus (Horne et al., 2005). The
quasi-linear theory further shows that the combined acceleration by chorus
and MS waves can lead to the butterfly pitch angle distribution of relativistic
electrons (Xiao et al., 2015). In addition to the interaction with radiation belt
electrons, PIC simulations and satellite observations revealed that the MS
waves could also heat cold ions in the density cavity of the plasmasphere
(Sun et al., 2017, 2021; Yuan et al., 2018).

The propagation direction of MS waves is almost perpendicular to the background magnetic field, which means
that MS waves can propagate along the radial and azimuthal directions (Su et al., 2017). Analysis of Van Allen
Probes data by Boardsen et al. (2018) in a near-source event indicated a preference for azimuthal wave vector
orientation. Then, Min et al. (2018) demonstrated the observation results using the 2D PIC simulation at the
dipole magnetic equator. However, the wave normal angle is strictly limited to 90° in the 2D simulation. There-
fore, the generation and propagation of MS waves in a 3D dipole magnetic field still need to be investigated. In
this paper, using a 3D general curvilinear particle-in-cell (gc-PIC) simulation, we investigate the excitation and
propagation of the MS waves in the Earth's dipole magnetic field for the first time. The structure of this paper is
organized as follows. The simulation model and initial parameters are described in Section 2. Then, the simula-
tion results are given in Section 3. Finally, the conclusions and discussion are presented in Section 4.

2. Simulation Model

In this paper, we use a 3D gc-PIC simulation to investigate the MS wave excitation in a dipole magnetic field. The
grid used in the simulation is based on a modified dipole coordinate system (r,g,¢), in which r denotes L-shell,
q varies along the dipole magnetic field, and ¢ is the magnetic longitude (Chen et al., 2018). The coordinate ¢ is
defined by the following equation:

L} sin A
P

12¢°+q= ey

where L, is the center L-shell of the simulation domain, A is the magnetic latitude, and g = O represents the
magnetic equator. Figure 1 illustrates the computational domain of our study with reduced grid points in the
Cartesian coordinates. The simulation domain consists of a 256 X 64 X 256 grid of evenly distributed bins in
the ranges [4.8, 5.2], [-0.1, 0.1], and [-2.3°, 2.3°] for (7,q,¢) directions, respectively. The value of ¢ = 0.1 for the
center r corresponds to 4 ~ 6.5°.

For the initial condition, we choose the same three-component plasma as Chen et al. (2018): cold electrons and
protons with a Maxwellian distribution, and hot protons with a ring distribution. For each species, there are on
average 1,000 superparticles in each cell. In the following discussions, subscripts e, pc, and pr represent cold
electrons, cold protons, and ring distribution protons, respectively. The difference between our initial conditions
and Chen et al. (2018) is that the ring distribution protons are evenly distributed in the equatorial plane rather than
placed locally. The following form is adopted as the distribution of ring protons at the equator,

2

Ppreq (v — 14)2> Ui
(v, 1) = exp| — exp| —— 2
fr(vy, v1) 7703 C p( " P2 2

rt rt
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Figure 2. The time evolution of spatially averaged fluctuating (a) electric
fields and (b) magnetic fields, and (c) The power spectrum density of

fluctuating electric fields E /cB, at the position (L, 0,0) over the time interval

from Q 7 = 0 to 80. The red dots in the figure represent normalized linear

growth rate y/€2, obtained from linear theory using the same parameters as the

simulation.

2
C=exp<—<£> >+\/;Eerfc<—ﬁ>, 3)
Uyt Urt Urt

where v and v, are velocities parallel and perpendicular to the background
magnetic field, v,, is the thermal speed of the ring distribution, V. is the proton
ring velocity, n,, . is the number density of ring protons at the equator, and
erfc is the complementary error function. The distribution function of the

off-equator ring protons can be obtained using the Liouville's theorem.

rt

In the simulation, the magnetic field is normalized by the dipole magnetic
field B, at the center point of the simulation domain (r,q,¢) = (L,,0,0). The
time and space are normalized to the inverse of electron gyrofrequency Q,
and the electron gyroradius p, at that location, respectively. The ring proton
number density at the equator is n,, ,, = 0.05n,, where n, is the electron
number density at (L,0,0). For reducing computational cost, the mass ratio
of proton to electron and the speed of light are reduced to be m /m, = 100
and ¢ = 20V, where V4, = By/ \/m is the Alfven speed at the position
(Ly, 0, 0). For the chosen value of the mass ratio, the proton gyrofrequency
is Q, = 0.01€,. In this study, the ring distribution is initialized as V, =V,
(the Alfven speed at the position (L, 0, 0)) and v, = 0.01V,. Thus, there
are the same ring distribution at different L-shell. The time step Ar is set
as Q At = 0.05. When translated to the physical setup, the central magnetic
field line corresponds to L, = 5, B, = 248 nT, and n,, = 10 cm~3. The cold
electron and proton temperature are 1 eV. These simulation parameters are
the typical values of the plasma outside the plasmasphere near the equator.
The absorbing boundary conditions are assumed for electromagnetic fields
and reflecting boundary conditions are used for particles.

3. Simulation Results

With the 3D gc-PIC simulation model and the initial setup described above,
we investigate the excitation and evolution of MS waves in the Earth's magne-
tosphere. Figures 2a and 2b show the time evolution of spatially averaged
fluctuating electromagnetic fields for the simulation. It can be seen that the
waves are excited at first and then undergo a linear growth stage before reach-
ing saturation around € ¢ = 20. The dominant wave power is found in 8E,,
8E,, and 8B,. This indicates that the waves possess a compressional magnetic
field, which is consistent with the polarization of MS waves predicted by the
linear theory (Gary et al., 2010). In order to confirm that the excited fluctua-
tions are MS waves, we compared the simulation results with the linear theory.
It is noted that we use the same parameters in the linear theory model as the
simulation at the position (L, 0, 0). Figure 2c displays the power spectrum
of radial fluctuating electric field SE, at the position (L, 0, 0) over the time
interval from Q r = 0 to 80. Red dots signify the normalized linear growth
rate with the wave normal angle € = 90° calculated by the linear theory. As
we can see, the frequency peaks of the wave spectrum at @/, = 6 and 7
agree well with that of the positive growth rate predicted by the linear theory.
Moreover, the magnitude of the growth rate (~0.3€)) estimated from the
temporal profile of 8E, is also comparable to the linear growth rate (~0.5,)

from linear theory. The peaks at frequencies greater than 102, obtained from the simulation, inconsistent with

the linear theory, may be due to the waves near perpendicular propagation (6 # 90°) (Chen, 2015). Based on the

above analysis, we confirm that the simulated fluctuating electromagnetic fields indeed manifest as MS waves

generated by the ring distribution proton. Furthermore, we compare the simulation results with Min et al. (2018).

The 2D PIC simulation at the dipole magnetic equator is used in Min et al. (2018), in which the wave normal
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Figure 3. The spatial distribution of the fluctuating electric fields 8E, in (a) the 3D Cartesian coordinates, (b) the equatorial
plane, and (c) the meridian plane at ¢ = 20. The black lines in (b) mark the sloped wave fronts in the equatorial plane, while
the black curves in (c) represent the magnetic field lines in the meridian plane.

angle of MS waves is strictly limited to 90°. Thus, the fluctuating magnetic fields have no perpendicular compo-
nents and only parallel components, while the fluctuating electric fields have only perpendicular components and
no parallel components. In contrast, our 3D PIC simulation allows the MS wave normal angle to deviate from 90°.
This results in the presence of perpendicular fluctuating magnetic fields and parallel fluctuating electric fields in
our simulation, which is more consistent with the properties of magnetosonic waves in the real magnetosphere.

Figure 3 displays the spatial distribution of the fluctuating electric fields 8E, at €t = 20 in the 3D Cartesian
coordinates (Figure 3a), the equatorial plane (Figure 3b), and the meridian plane (Figure 3c). The black lines in
Figure 3b mark the sloped wave fronts in the equatorial plane, while the black curves in Figure 3c represent the
magnetic field lines in the meridian plane. From the temporal evolution of fluctuating electromagnetic fields
(Figure 2a), the MS waves just reach the saturation stage at this time. We can see from Figure 3a that the MS
waves are excited primarily within 3° of the equator. In the meridian plane (Figure 3c), it can be seen more clearly
that the wave intensity is concentrated near the equator. In addition, nearly constant wave fronts are along the
magnetic field lines, suggesting that the excited MS waves propagate almost perpendicular to the background
magnetic field. From Figure 3b, the wave fronts are sloped in the X-Y plane, which indicates that the MS wave
propagation (normal to wave fronts) is in both the radial and azimuthal directions. We also analyze the fluctuating
electric fields in the azimuthal direction 8E¢ (not shown), and their spatial distribution is similar to that of SE

r

at this time.

To determine the propagation direction of MS waves, we analyze the fluctuating magnetic field 5B at the
magnetic equator at different time. Figure 4 shows snapshots of the compressional component of the fluctuating
magnetic field 8B at the magnetic equator at Q ¢ = 15 and 30, and the corresponding wave number spectrum.
In order to see the waveforms of the MS waves more clearly, a zoom-in view of the equatorial plane in the
simulation is shown (4.9R, < r < 5.1R; and —1° < ¢ < 1°). The value of ¢ = 1° for the center r corresponds
to about 0.09R,.. Thus, the vertical and horizontal length ratio is realistic in the snapshots. At the linear growth
stage (€,f = 15), both the snapshot of 8B and the wave number spectrum show that the MS waves propagate
along both the radial and azimuthal directions perpendicular to the background magnetic field. We define
¢ = arctan(lk,/k ) to measure whether the MS waves propagate along the radial or azimuthal direction. From
the wave number spectrum, we can see that the MS wave modes with large amplitude are mainly concen-
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Figure 4. The snapshots of 8B at © 7 = 15 and 30, and the corresponding wave number spectrum.

trated around ¢ = 45° at Q t = 15, which means that the propagation of MS waves in the equatorial plane has
no preference at this time between the radial and azimuthal directions. At Q¢ = 30, it can be seen from the
snapshot that the MS waves mainly propagate along the azimuthal direction (see also the Movie S1). From
the wave number spectrum at €2 t = 30, we can find that the dominant wave modes are mainly distributed in
847" < |kg| < 1047 and 04;" < |k,| < 447!, where 4, = V,/Q is the proton inertial length. The Ik | is much
larger than |k |, which also indicates the MS waves mainly propagate along the azimuthal direction (see also
the Movie S2).

Figure 5 displays the time evolution of compressional magnetic field amplitudes for quasi-radial (0° < ¢ < 45°)
and quasi-azimuthal (45° < ¢ < 90°) propagating MS wave modes. We perform a 2D Fourier transforming of
8B of MS waves at the magnetic equator at each time. From Figure 4, we can find that the wave number of
simulated MS waves is mainly distributed in 847! < |k| < 104;". Consequently, we select the wave modes of Il
between 84, ! and 104;! to calculate the power of quasi-radial and quasi-azimuthal MS wave modes. The wave
amplitudes for quasi-radial and quasi-azimuthal MS waves can be examined by averaging the power of these
wave modes for 0° < ¢ < 45° and 45° < ¢ < 90°. Before Q1 = 15, one can see that the amplitudes of
quasi-radial and quasi-azimuthal MS wave modes are almost equal all the time. This indicates that the growth

rates of these waves are almost equal in the radial and azimuthal direc-

tions. At about th = 15, the quasi-radial MS waves are saturated, while the

quasi-azimuthal MS waves can grow until about € t = 20. This extended

growth duration for azimuthal waves results in their dominance during satu-
/\\\ ration. The power of quasi-azimuthal MS waves is about 5-15 times larger
4 ] Y
10 / ]

than those of quasi-radial MS at saturation. Also, the propagation direction
of the waves can be roughly determined by the intensity ratio between 0E,
and 8E , since the electric field fluctuations of MS waves are predomi-

20

Figure 5. The time evolution of compressional magnetic field amplitudes for

—éBﬁk ¢/B§ ] nantly electrostatic. It can be seen from Figure 2a that the intensities of
582 /B2 8E, and 8E, are almost equal until 8, saturates at about Q¢ = 15, while
‘ . llkr 0 8E,, can grow until about Q ¢ = 20. This also indicates that the MS waves
ropagating along the azimuthal direction can grow for a longer time. In
40 60 80 propagating along the azimuthal directi grow for a longer time. I
Ot the azimuthal direction, the MS waves can continuously grow along the
p

magnetic field contour since there is a constant proton ring distribution
in our simulation. In contrast, because of the radial variation of magnetic

quasi-radial (0° < ¢ < 45°) and quasi-azimuthal (45° < ¢ < 90°) MS wave field magnitude, the MS waves will grow for a shorter time along the radial

modes (84" < |k| < 10471).

direction.
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4. Conclusions and Discussion

In this paper, by performing a 3D gc-PIC simulation, we have examined the generation and evolution of MS
waves in the Earth's dipole magnetic field. The simulation model consists of three plasma components: ring
distribution protons as free energy, background cold electrons and protons. We found that the MS waves are
initially excited near the equator and propagate nearly perpendicular to the background magnetic field. These
waves are primarily confined within 3° of the equator. The linear growth rates of these waves are almost equal
in the radial and azimuthal directions. Compared with the waves propagating along the radial direction, the MS
waves propagating along the azimuthal direction can grow for a longer time, resulting in the wave amplification
mainly during the azimuthal propagation.

Boardsen et al. (2018) analyzed a near-source MS wave event and found that the wave vector is preferentially in
the azimuthal direction. Then, Min et al. (2018) demonstrated this observation result using the 2D PIC simula-
tion at the dipole magnetic equator. It is worth comparing the differences and similarities in the initial setup and
simulation results between our simulation and theirs. In Min et al. (2018), the 2D PIC simulation at the dipole
magnetic equator was used to study the MS wave generation and evolution, in which the wave normal angle of
MS waves is limited to 90°. Consequently, there are only the parallel fluctuating magnetic fields and the perpen-
dicular fluctuating electric fields in their simulation. However, our 3D PIC simulation allows the wave normal
angle of MS waves to deviate from 90°, which results in the presence of the perpendicular fluctuating magnetic
fields and the parallel fluctuating electric fields in our simulation. In terms of the simulation parameters, both
simulation assume a reduced mass ratio and a smaller light speed to save the computational resources. For the
saturation time of MS waves, compared with the results of Min et al. (2018), the saturation of excited MS waves
in the present simulation is faster. The reason is that the free energy chosen by Min et al. (2018) was the shell
distribution proton, while we use the ring distribution proton. The ring distribution releases free energy faster.
For the generation and evolution of MS waves, our conclusion that the wave amplification occurs dominantly
during the azimuthal propagation is consistent with Min et al. (2018). Moreover, our simulation results further
confirm that the wave amplification dominated by the azimuthal direction is due to the longer growth time in that
direction. In the linear stage, the linear growth rates of MS waves are almost equal in the radial and azimuthal
directions.

In the simulation, reflecting boundary conditions are used for particles in both the radial and azimuthal direc-
tions. The identical boundary conditions allow us to ensure that the boundary conditions are not the source of
the MS wave amplification dominated by the azimuthal direction. We also examined the effect of boundary
conditions on the simulation results. If the periodic boundary conditions are adopted for particles in the radial
direction, the saturated amplitude of the waves propagating along the radial direction will be larger than the
results using the reflecting boundary condition. However, the conclusion that MS waves propagate mainly along
the azimuthal direction for the saturated stage remains unaffected. Moreover, the off-equator MS wave propa-
gation is also diagnosed. Since the MS waves excited in this simulation are basically near the equatorial plane
(less than 3°), the results of the off-equator MS wave propagation are very close to that of MS waves in the
equatorial plane.

Limited by the computational resources, a reduced mass ratio (mp/me = 100) and a smaller light speed (¢ =20V,)
are chosen in our simulations. This will lead to a reduced lower hybrid frequency, and a change in the MS wave
spectrum (Sun et al., 2016b). However, this does not affect the main conclusions of this paper. The growth rates
of MS wave excitation in the radial and azimuthal directions are almost equal in the Earth's dipole magnetic field,
and the saturated amplitude is dominated by the azimuthal direction because these waves can grow longer in that
direction. Since the saturated amplitude of the MS waves is closely related to the growth time, the excitation and
propagation characteristics of MS waves with different scale ratios of the source region (the radial and azimuthal
spatial scale ratio) are worth to further study. In addition to the near-equator MS waves, the observations have
shown that MS waves can also be generated at mid-latitudes (Wu et al., 2021, 2022). We have investigated the
excitation and evolution of near-equator MS waves in this paper. The simulation of the MS waves at mid-latitudes
will be studied in the future.

Data Availability Statement

The data set for this research is available in this in-text data citation reference: Sun (2022).
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