
1. Introduction
Collisionless shocks are ubiquitous and always thought to be important sources of power-law spectra of the 
nonthermal components detected by energetic particle collectors from space and astrophysical plasma (Jones &  
Ellison, 1991). At quasi-perpendicular shocks, which have a larger shock angle 𝐴𝐴 (𝜃𝜃Bn > 45◦) defined as the angle  
between shock normal and upstream background magnetic field, reflected particles at the shock front can quickly 
gyrate back and be accelerated by shock surfing acceleration and shock drifting acceleration mechanisms in  
the direction perpendicular to the background magnetic field (Lembege et al., 2004; Mckean et al., 1996; Yang 
et  al., 2012; Zank et  al., 2006), which leads to large perpendicular temperature anisotropy in the immediately 
downstream and resultant excitation of ion cyclotron waves and mirror waves (S.  P.  Gary,  1992; S.  P.  Gary 
et al., 1976, 1994). And, the directly transmitted particles behind the quasi-perpendicular shock front can also provide 
the free energy to drive these ion anisotropy instabilities by their bunched ring-like distributions (Gedalin, 2016; 
Gedalin et al., 2016; Y. Hao et al., 2014; Lee, 2017; Lee & Lee, 2016; Q. M. Lu & Wang, 2005, 2006).

At a quasi-parallel shock with 𝐴𝐴 𝐴𝐴Bn < 45◦ under medium and high Mach numbers, reflected particles after being 
initially accelerated near the shock front can backstream to further upstream and interact with the injected 
flow (Burgess, 1989; Cao et al., 2009; Hao, Lembege, et al., 2016; Jarvinen et al., 2020; Kajdič et al., 2021; 
Pfau-Kempf et al., 2015, 2016, 2018; Lin, 2003; Lin & Wang, 2005; Scholer & Terasawa, 1990; Su, Lu, Gao, 
et al., 2012; Su, Lu, Hunag, et al., 2012; Turc et al., 2018). It leads to the excitation of right-hand resonant elec-
tromagnetic ion beam instabilities and generates low-frequency quasi-parallel propagating fast magnetosonic 
waves (S. P. Gary, 1991), which can always be observed at terrestrial foreshock region and named 30s waves or 
ultra-low-frequency (ULF) waves (Eastwood et al., 2002; Palmroth et al., 2015; Wang et al., 2020; Wilson, 2016) 
whose phase velocities and group velocities inherently point to further upstream in the rest plasma frame (Otsuka 
et al., 2019). While, under these Mach numbers injected flow with large bulk velocity can wash them into the 
shock front and make it to be unstable (Krauss-Varban & Omidi, 1993), such that cyclic reformation processes 
happen in a so-called extended turbulent region where particles also behave periodically as the upstream waves 
continuously disturb the shock front (Burgess, 1989; Scholer & Burgess, 1992; Su, Lu, Gao, et al., 2012; Su, Lu, 
Hunag, et al., 2012; Thomas et al., 1990; Turc et al., 2022).

Under low Alfven Mach numbers Omidi et al. (1990) substantiate that quasi-parallel shocks show a stable state 
and a narrow transition region with a distinct ramp where high-frequency whistler waves can be radiated with a 
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nearly zero group velocity in the shock frame of reference, so that they always stay around the shock front and 
are called phase-standing whistlers (Kan & Swift, 1983; Kennel et al., 1984a, 1984b; Mandt et al., 1986; Quest 
et al., 1983; Scholer & Fujimoto, 1993; Thomsen et al., 1993). Most of energy fluxes of these waves cannot be 
convected back and disturb the shock front as at a high Mach one, so that it shows steady behaviors and has a 
relatively clean downstream region. Krauss-Varban and Omidi (1991) suggest that with 1-D hybrid simulations, 
quasi-parallel shocks with a sufficiently small Alfven Mach number, e. g., 𝐴𝐴 𝐴𝐴𝐴𝐴 < 2.3 as 𝐴𝐴 𝐴𝐴Bn = 30◦ , show the stable 
state, and as increasing the Mach number, upstream waves begin to be convected back and bring the unsteadiness 
of shock fronts till 𝐴𝐴 𝐴𝐴𝐴𝐴 = 2.8 under which a typical cyclically reformed process can be distinguished with suffi-
cient energy flux of these shock-directed waves.

Recently, with a 2-D hybrid simulation code Y. Q. Hao et  al.  (2021) studied upstream low-frequency waves 
at a quasi-parallel shock with typical parameters around the terrestrial bow shock (Burgess,  1989; Burgess 
et  al.,  2005), and found shell-like distributions originating from the superthermal backstreaming components 
(Winske & Leroy, 1984), quasi-parallel and quasi-perpendicular propagating fast magnetosonic waves excited by 
both of these two nonequilibrium distributions in whole upstream region (P. S. Gary, 1985; P. S. Gary et al., 1984; 
S. Gary et al., 1981; S. P. Gary & Tokar, 1985; Min & Liu, 2015a, 2015b; Sun et al., 2016a, 2016b). And, they 
all can be brought back to the shock front to facilitate its renewal (Burgess, 1989; Y. Hao et al., 2017; Scholer & 
Fujimoto, 1993), intermittent reflected particles and directly transmitted high-speed flow (Han et al., 2016, 2017; 
Hao, Lembege, et al., 2016, Hao, Lu, Gao, & Wang, 2016; Hietala et al., 2009, 2012; Palmroth et al., 2021; 
Plaschke et al., 2018). In the downstream, after being transmitted through the shock front these upstream waves 
are mode converted into the proposed Alfven waves and slow waves (Krauss-Varban & Omidi, 1991, 1993), 
which eventually are heavily damped except for the quasi-perpendicular kinetic slow waves (𝐴𝐴 KSWs ) (Y. X. Hao 
et al., 2018; Narita & Marsch, 2015). Under this Mach number condition, substantial upstream wave energy flux 
are convected back so that in the so-called transition region are many nonlinear structures like new shock fronts 
and downstream large scale belt-like structures (Y. Hao et al., 2017), which may mask the wave information 
(Scholer & Fujimoto, 1993; Scholer et al., 1997). In this paper, for a quasi-parallel shock with a proper low Mach 
number we perform 2-D hybrid simulations to investigate all the possible waves in its upstream and downstream.

In Section 2 of this paper, we describe the details of the 2-D hybrid simulation model and the associated param-
eters. In Section 3, simulation results are presented. Conclusions and discussion are given in the last section.

2. Simulation Model
A 2-D hybrid simulation code is used to study the waves around a low Mach number quasi-parallel shock in this 
paper. The simulation is performed in 𝐴𝐴 𝐴𝐴 − 𝑦𝑦 plane where the background magnetic field lies in, and the simulation 
code has rigid boundaries in 𝐴𝐴 𝐴𝐴 direction and periodic boundaries in 𝐴𝐴 𝐴𝐴 direction. At the beginning, there are 𝐴𝐴 30 
particles in each cell, and after it running, a magnetized plasma with a Maxwellian velocity distribution begin to 
be continuously injected from left boundary. Then, the right moving plasma is reflected by the right boundary and 
interact with the continuously injected flow, which leads to the formation of a shock front propagating to the 𝐴𝐴 −𝑥𝑥 
direction. For each time step, information of particles are collected and used to update the electromagnetic fields 
by Maxwell's equations and the equation of state of electrons, and then they push particles to obtain updated 
velocity components and positions (Hao, Lu, et al., 2016).

The bulk velocity of injected flow is 𝐴𝐴 2.0𝑉𝑉𝐴𝐴 (where 𝐴𝐴 𝐴𝐴𝐴𝐴 is the upstream Alfven speed), and propagating velocity 
of the shock is about 𝐴𝐴 0.8𝑉𝑉𝐴𝐴 , which means the Alfven Mach number of the shock is 𝐴𝐴 2.8 . The shock angle is set 
to be 𝐴𝐴 30

◦ , and upstream plasma beta is 𝐴𝐴 𝐴𝐴𝑖𝑖 = 𝐴𝐴𝑒𝑒 = 0.4 (where 𝐴𝐴 𝐴𝐴  and 𝐴𝐴 𝐴𝐴 indicate protons and electrons, respec-
tively). Simulations use an electron resistivity length 𝐴𝐴 𝐴𝐴𝜂𝜂 = 𝜂𝜂𝜂𝜂

2∕(4𝜋𝜋𝜋𝜋𝐴𝐴) = 0.1𝜂𝜂∕𝜔𝜔pi , where 𝐴𝐴 𝐴𝐴∕4𝜋𝜋 = 1.1 × 10−5𝜔𝜔−1
pi

 
describes the wave-particle interaction resulting from high frequency plasma instabilities associated with elec-
tron mass as in Leroy et al.  (1981, 1982). The grid sizes 𝐴𝐴 Δ𝑥𝑥 is 𝐴𝐴 0.5𝑐𝑐∕𝜔𝜔pi and 𝐴𝐴 Δ𝑦𝑦 is 𝐴𝐴 1.0𝑐𝑐∕𝜔𝜔pi , so the grid cells 
are smaller in 𝐴𝐴 𝐴𝐴 direction than they are in 𝐴𝐴 𝐴𝐴 direction to show more microstructures in the direction of shock 
normal (Krauss-Varban & Omidi, 1993; Scholer & Fujimoto, 1993), which leads to a simulation area with length 

𝐴𝐴 𝐴𝐴𝑥𝑥 = 𝑛𝑛𝑥𝑥 × Δ𝑥𝑥 = 1000 × 0.5𝑐𝑐∕𝜔𝜔pi = 500𝑐𝑐∕𝜔𝜔pi and width 𝐴𝐴 𝐴𝐴𝑦𝑦 = 𝑛𝑛𝑦𝑦 × Δ𝑦𝑦 = 300 × 1.0𝑐𝑐∕𝜔𝜔pi = 300𝑐𝑐∕𝜔𝜔pi (where 𝐴𝐴 𝐴𝐴𝑥𝑥 , 
𝐴𝐴 𝐴𝐴𝑦𝑦 , are the numbers of grid cell in the 𝐴𝐴 𝐴𝐴 , 𝐴𝐴 𝐴𝐴 directions, and 𝐴𝐴 𝐴𝐴  and 𝐴𝐴 𝐴𝐴pi denote the speed of light and ion plasma 

frequency). The time step is 𝐴𝐴 Ω𝑖𝑖Δ𝑡𝑡 = 0.02 (where 𝐴𝐴 Ω𝑖𝑖 is the ion gyrofrequency).
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3. Simulation Results
3.1. Upstream Waves and Associated Ion Dynamics

To analyze the waves around the quasi-parallel shock, a simplified and rela-
tively accurate dispersion relation is necessary for a warm plasma. That of the 
fast magnetosonic/whistler (𝐴𝐴 𝐴𝐴  ) waves and Alfven/ion cyclotron (𝐴𝐴 𝐴𝐴 ) waves 
can be derived by the cold two-fluid theory, and after adding finite kinetic 
thermal correction it may describe more modes, including slow/ion acous-
tic (𝐴𝐴 𝐴𝐴 ) waves and kinetic Alfven waves (𝐴𝐴 KAWs ) (Yoon & Fang, 2008). In 
Figure  1a, the corrected dispersion relations of upstream-directed 𝐴𝐴 𝐴𝐴

+ , 𝐴𝐴 𝐴𝐴
+ , 

𝐴𝐴 𝐴𝐴
+ waves and downstream-directed 𝐴𝐴 𝐴𝐴

− , 𝐴𝐴 𝐴𝐴
− , 𝐴𝐴 𝐴𝐴

− waves are depicted with solid 
and dashed lines in different colors when 𝐴𝐴 𝐴𝐴𝑖𝑖 = 𝐴𝐴𝑒𝑒 = 0.4 , and it shows that 
the phase speed of 𝐴𝐴 𝐴𝐴 mode can be larger than 𝐴𝐴 𝐴𝐴  mode under low frequency 
condition and even as higher frequency it is always larger than 𝐴𝐴 𝐴𝐴 mode 
(Krauss-Varban et al., 1994).

Simulations in the paper, however, are performed in the downstream rest 
frame, the dispersion relations should take into account the Doppler shift 
when analyzing the wave information from simulation data (Y. Q. Hao 
et al., 2023). Therefore, in Figure 1b we display the shifted dispersion rela-
tions for upstream waves

𝜔𝜔(𝑘𝑘)∕Ωpi = 𝑘𝑘
(

𝑐𝑐∕𝜔𝜔pi

)

⋅

(

𝑣𝑣ph(𝑉𝑉𝐴𝐴) − 𝑉𝑉inj cos(𝜃𝜃Bn)(𝑉𝑉𝐴𝐴)
)

 

where 𝐴𝐴 𝐴𝐴 , 𝐴𝐴 𝐴𝐴 , and 𝐴𝐴 𝐴𝐴ph are the frequencies, wave vectors and corresponding 
phase velocities, respectively. We can see that phase speeds and group veloc-
ities of most of wave modes point to downstream except for high-frequency 

𝐴𝐴 𝐴𝐴
+ waves, which means that substantial wave energy flux can be brought into the shock front to affect the 

evolution of structures, ion dynamics around the shock front and even wave activities in the downstream region. 
Throughout this paper, the corrected dispersions with and without Doppler shift will be used to detect the plasma 
waves generated in the upstream and downstream，where the plasma has a larger beta. And, note that the strongly 
damped 𝐴𝐴 𝐴𝐴 mode should not be excited in the region before the shock front (S. P. Gary, 1992).

In Figure 2, we illustrate the contour plots of variations of (a) 𝐴𝐴 𝐴𝐴𝐴𝐴𝑧𝑧∕𝐵𝐵0 and (b) 𝐴𝐴 𝐴𝐴𝐴𝐴∕𝐴𝐴0 in the upstream region at 
time 𝐴𝐴 Ω𝑖𝑖𝑡𝑡 = 188.5 when the shock front at 𝐴𝐴 𝐴𝐴 = 353𝑐𝑐∕𝜔𝜔pi is denoted by a vertical black dashed line, and the other 
two lines labeled 𝐴𝐴 𝐴𝐴1 and 𝐴𝐴 𝐴𝐴2 are parallel and perpendicular to the upstream background magnetic field 𝐴𝐴 𝐁𝐁𝟎𝟎 . From 
Figure 2a, we can see regular waveforms with wave fronts nearly perpendicular to 𝐴𝐴 𝐁𝐁𝟎𝟎 , which suggests possible 
existence of quasi-parallel propagating electromagnetic waves. That should be the well-known low-frequency 

Figure 1. Dispersions from a two-fluid plasma theory with thermal correction 
in (a) the plasma frame and (b) downstream rest frame. 𝐴𝐴 𝐴𝐴

+ , 𝐴𝐴 𝐴𝐴
+ , and 𝐴𝐴 𝐴𝐴

+ 
indicate the upstream-directed fast magnetosonic-whistler wave, Alfven/ion 
cyclotron wave and ion-sound wave branches, while 𝐴𝐴 𝐴𝐴

− , 𝐴𝐴 𝐴𝐴
− and 𝐴𝐴 𝐴𝐴

− denote the 
corresponding downstream-directed wave branches in the plasma frame.

Figure 2. Contour plots of (a) 𝐴𝐴 𝐴𝐴𝐴𝐴𝑧𝑧∕𝐵𝐵0 and (b) 𝐴𝐴 𝐴𝐴𝐴𝐴∕𝐴𝐴0 in the upstream region. The shock front at 𝐴𝐴 𝐴𝐴 = 353𝑐𝑐∕𝜔𝜔pi is denoted by 
a black dashed line. Line 𝐴𝐴 𝐴𝐴1 and 𝐴𝐴 𝐴𝐴2 are respectively parallel and perpendicular to the background magnetic fields.
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fast magnetosonic waves driven by the interaction between the backstream-
ing particles and injected flow (S. P. Gary, 1991; Y. Q. Hao et al., 2021) or 
the ULF waves shown by experiment data from space missions in terrestrial 
or planetary foreshocks (Burgess et al., 2005; Hoppe & Russell, 1982; Shan 
et al., 2016). While, from variations of particle number density in Figure 2b 
the possible wave fronts are mainly parallel to 𝐴𝐴 𝐁𝐁𝟎𝟎 and their intensity is lower 
compared to that in Figure 2a. And, these variations may also be due to the 
quasi-perpendicular fast magnetosonic waves as discussed in previous work 
under a medium Alfven Mach number (Y. Q. Hao et al., 2021).

To confirm the intuition about these upstream waves, Figure  3 illustrates 
the power spectra of these variations, 𝐴𝐴 𝐴𝐴𝐴𝐴𝑧𝑧∕𝐵𝐵0 and 𝐴𝐴 𝐴𝐴𝐴𝐴∕𝐴𝐴0 , in an upstream 
area (𝐴𝐴 10 < 𝑥𝑥 < 345𝑐𝑐∕𝜔𝜔pi ; 𝐴𝐴 0 < 𝑦𝑦 < 300𝑐𝑐∕𝜔𝜔pi ), and 𝐴𝐴 𝐴𝐴

‖

 , 𝐴𝐴 𝐴𝐴⟂ are indicated 
by black solid and dashed lines, respectively. The main modes are high-
lighted by white color to mask the regions with much lower values, which 
is also employed for power spectra plots in the following. In Figure  3a, 
quasi-parallel waves can be clearly seen and they have a higher inten-
sity compared to the quasi-perpendicular waves shown in Figure  3b. At a 
medium Alfven Mach number quasi-parallel shock (Y. Q. Hao et al., 2021), 
upstream quasi-perpendicular waves can have nearly equal or higher inten-
sity compared to the quasi-parallel ones, which may result from more back-
streaming particles with a higher temperature and enough free energy to 
excite quasi-perpendicular waves (S. Gary et al., 1981).

Along the line 𝐴𝐴 𝐴𝐴1 and 𝐴𝐴 𝐴𝐴2 , the simulation data of the variations of 𝐴𝐴 𝐴𝐴𝐴𝐴𝑧𝑧∕𝐵𝐵0 and 𝐴𝐴 𝐴𝐴𝐴𝐴∕𝐴𝐴0 is respectively collected 
from the time 𝐴𝐴 Ω𝑖𝑖𝑡𝑡 = 100 to 𝐴𝐴 Ω𝑖𝑖𝑡𝑡 = 188 in bins of 𝐴𝐴 0.5𝑐𝑐∕𝜔𝜔pi and 𝐴𝐴 0.1Ω−1

𝑖𝑖
 . Figure 4 displays the corresponding spec-

trograms, and dispersions of the transformed 𝐴𝐴 𝐴𝐴
+ , 𝐴𝐴 𝐴𝐴

+ , 𝐴𝐴 𝐴𝐴
− and 𝐴𝐴 𝐴𝐴

− modes are also plotted to analyze possible wave 
modes in the upstream region. In Figure 4a, where power spectrum of waves propagating in the direction of 𝐴𝐴 𝐁𝐁𝟎𝟎 
the low-frequency part (𝐴𝐴 𝐴𝐴∕∕ < 1.0𝜔𝜔pi∕𝑐𝑐 ) with the largest intensity is well consistent to the 𝐴𝐴 𝐴𝐴

+ mode dispersion, 
which should be the low-frequency resonant fast magnetosonic waves prop-
agating in the same direction as bulk velocity of the beam by the prediction 
of linear theory (P. S. Gary et al., 1984; S. Gary et al., 1981; S. P. Gary & 
Tokar, 1985). And, it seems that low-frequency Alfven waves corresponding 
to 𝐴𝐴 𝐴𝐴

+ mode are also excited by the left-hand resonant ion beam instabilities 
because of the backstreaming superthermal particles (P. S. Gary et al., 1984), 
which also had been predicted by kinetic linear theory using a general 
dispersion relation solver PDRK (Y. Q. Hao et al., 2021; Xie, 2019; Xie & 
Xiao, 2016). In addition, high-frequency waves (𝐴𝐴 𝐴𝐴∕∕ > 1.0𝜔𝜔pi∕𝑐𝑐 ) are gener-
ated and their spectrogram is consistent to all of these four modes, including 
upstream-directed 𝐴𝐴 𝐴𝐴

+ mode, downstream-directed 𝐴𝐴 𝐴𝐴
− , Alfven/ion cyclotron 

mode 𝐴𝐴 𝐴𝐴
+ and 𝐴𝐴 𝐴𝐴

− (Min & Liu, 2015a, 2015b; Sun et al., 2016a, 2016b), which 
is thought to be excited by the shell-like or ring-like distributions originat-
ing from backstreaming particles being scattered by upstream low-frequency 
waves (Y. Q. Hao et al., 2021; Winske & Leroy, 1984).

Waves associated with the ring-distributions are well studied by linear theory 
and simulations (Min & Liu, 2015a, 2015b; Sun et al., 2016a, 2016b), which 
suggest that kinetic instabilities can be driven to generate quasi-parallel ion 
cyclotron waves, oblique mirror waves and ion Bernstein waves. That may 
not only explain the high-frequency 𝐴𝐴 𝐴𝐴  and 𝐴𝐴 𝐴𝐴 modes propagating along the 
line 𝐴𝐴 𝐴𝐴1 , but also further demonstrate that the quasi-perpendicular fast magne-
tosonic waves, which had been detected at a medium Alfven Mach number 
shock (Y. Q. Hao et al., 2021), are also excited and show harmonics as shown 
in Figure 4b where spectrogram of the variations of 𝐴𝐴 𝐴𝐴𝐴𝐴∕𝐴𝐴0 along line 𝐴𝐴 𝐴𝐴2 is 
illustrated. It should be noted that the discrete structures in Figure 4b can be 

Figure 3. Wave power spectra of the variations in Figure 2 in an area 
(𝐴𝐴 10 < 𝑥𝑥 < 345𝑐𝑐∕𝜔𝜔pi ; 𝐴𝐴 0 < 𝑦𝑦 < 300𝑐𝑐∕𝜔𝜔pi ).

Figure 4. Spectrograms of (a) 𝐴𝐴 𝐴𝐴𝐴𝐴𝑧𝑧∕𝐵𝐵0 along line 𝐴𝐴 𝐴𝐴1 and (b) 𝐴𝐴 𝐴𝐴𝐴𝐴∕𝐴𝐴0 along line 
𝐴𝐴 𝐴𝐴2 from the time 𝐴𝐴 Ω𝑖𝑖𝑡𝑡 = 100 to 𝐴𝐴 Ω𝑖𝑖𝑡𝑡 = 188 in bins of 𝐴𝐴 0.5𝑐𝑐∕𝜔𝜔pi and 𝐴𝐴 0.1Ω−1

𝑖𝑖
 .
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also due to the discrete nature of positive wave growth rate of ion cyclotron 
waves excited by the ring-like distributions, and the associated mirror waves 
might be excited with a comparable low growth rate and resultant lower 
intensity so that it is difficult to identify them in the upstream region (Min & 
Liu, 2015a, 2015b).

In Figure 5, for all of the particles in the simulation plane we display ion 
phase plot 𝐴𝐴 𝐴𝐴 − 𝑣𝑣𝑖𝑖𝐴𝐴 of (a) the injected particles and (b) backstreaming ions with 
the total magnetic fields denoted by red solid lines for reference. Figure 5c 
illustrates the ratio of backstreaming ions to injected particles, and their 
relative drift velocities in the directions of shock normal and 𝐴𝐴 𝐁𝐁𝟎𝟎 are plotted 
with black solid and dashed lines in Figure 5d. The perpendicular and paral-
lel temperatures of injected particles and backstreaming ions are shown in 
Figures 5e and 5f with red and black solid lines, respectively. We can see 
that from Figure 5a, thermal velocity of these particles seems to have a visi-
ble enhancements behind the shock front, and just before it few thermalized 
particles have not been grouped into the backstreaming particles shown in 
the second panel. In Figure 5b, these backstreaming particles are observably 
hotter than the injected particles because these particles usually backstream 
from the shock front after their initial energization (Hao, Lu, et  al.,  2016; 
Scholer, 1990; Su, Lu, Gao, et al., 2012). And, their particle number density 
in Figure 5c has an exponential increase when approaching the shock front, 
which had also been suggested by 1-D hybrid simulations (Scholer, 1993). 
In Figure 5d, the relative drift velocities in both directions show very similar 
values, and they are larger in further upstream than in immediate upstream 
region, where more backstreaming particles tend to be scattered back to the 
shock front by higher intensity of waves so that the bulk velocity pointing to 
upstream is lower (Hao, Lu, et al., 2016). Therefore, we can imagine that left-
hand resonant ion beam instabilities generate Alfven/ion cyclotron waves due 

to the lower relative drift velocity and these waves lead to 𝐴𝐴 T𝑚𝑚⟂ > T𝑚𝑚‖ and 𝐴𝐴 T𝑏𝑏‖ > T𝑏𝑏⟂ in the upstream region close to 
the shock front as shown in Figures 5e and 5f, while in further upstream region large relative drift velocity tends 
to drive low-frequency right-hand resonant fast magnetosonic waves that results in 𝐴𝐴 T𝑏𝑏‖ < T𝑏𝑏⟂ , which had been 
proved by linear and second-order theory (P. S. Gary, 1985; S. P. Gary & Tokar, 1985).

3.2. Analysis of Downstream Waves

Previous studies had suggested that upstream waves convected by injected flow can be mode converted into 
downstream Alfven waves and slow waves (Krauss-Varban, 1995; Krauss-Varban & Omidi, 1991, 1993), which 
are heavily damped so that just KSWs can be easily found (Y. X. Hao et al., 2018). Here, we further investigate 
the downstream waves under the large spatial and temporal scales of a low Mach number quasi-parallel shock, 
which may have fewer nonlinear structures around the shock front. Therefore, waves can be easily seen by the 
variations of associated physical quantities and detected by Fourier transforming them and the proposed two-fluid 
dispersion relations with thermal correction (Yoon & Fang,  2008). In Figure  6, we show three components 
of downstream magnetic fields, and the position of the shock front is also indicated by black dashed lines at 

𝐴𝐴 𝐴𝐴 = 353𝑐𝑐∕𝜔𝜔pi . The dashed lines 𝐴𝐴 𝐴𝐴3 and 𝐴𝐴 𝐴𝐴4 parallel and perpendicular to the downstream average magnetic field 
are plotted and will be used to collect data of these variations associated to the parallel and perpendicular waves. 
From Figure 6a, we can see that the wave fronts are nearly parallel to the 𝐴𝐴 𝐴𝐴 axis, which means that there are waves 
propagating in the 𝐴𝐴 𝐴𝐴 direction. While, the contour plots of 𝐴𝐴 𝐴𝐴𝐴𝐴𝑦𝑦 and 𝐴𝐴 𝐴𝐴𝐴𝐴𝑧𝑧 show wave fronts lying in the direction 
nearly perpendicular to the downstream average magnetic fields. That is, in the downstream region are two groups 
of low-frequency waves that possibly originate from mode conversion of upstream waves, especially wave fronts 
in Figures 6b and 6c are nearly connected with that in upstream and lie in the same directions (not shown here). 
It reminds us of the suggestion that after mode conversion the helicities of upstream waves remain the same for 
downstream waves (Krauss-Varban & Omidi, 1991).

In Figure 7, we display the power spectra of these three components of magnetic fields in a downstream region 
(𝐴𝐴 360𝑐𝑐∕𝜔𝜔pi < 𝑥𝑥 < 495𝑐𝑐∕𝜔𝜔pi ; 𝐴𝐴 0𝑐𝑐∕𝜔𝜔pi < 𝑦𝑦 < 300𝑐𝑐∕𝜔𝜔pi ) with 𝐴𝐴 𝐴𝐴

‖

 and 𝐴𝐴 𝐴𝐴⟂ denoted by black solid and dashed lines. 

Figure 5. From top to bottom: (a) ion phase space of injected particles; (b) ion 
phase space of backstreaming particles; (c) the ratio of backstreaming particles 
to injected flow; (d) the relative drift velocities between backstreaming 
and injected flows in the directions of shock normal and background 
magnetic fields indicated by black solid and dashed lines, respectively; (e) 
the perpendicular temperature 𝐴𝐴 𝐴𝐴𝑚𝑚⟂ and parallel temperature 𝐴𝐴 𝐴𝐴𝑚𝑚‖ of injected 
particles indicated by red and black lines, respectively; (f) the temperatures of 
backstreaming particles as (e).
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The spectrogram of 𝐴𝐴 𝐴𝐴𝐴𝐴𝑥𝑥 in Figure 7a suggests the low-frequency waves propagate along the 𝐴𝐴 𝐴𝐴 direction, which 
is consistent with the nearly horizontal wave fronts in Figure 6a. That of 𝐴𝐴 𝐴𝐴𝐴𝐴𝑦𝑦 shows the quasi-parallel waves 
in Figure  7b, while for the 𝐴𝐴 𝐴𝐴𝐴𝐴𝑧𝑧 its spectrogram indicates that there are waves propagating in the 𝐴𝐴 𝐴𝐴 direction 
and quasi-parallel waves with larger intensity compared to 𝐴𝐴 𝐴𝐴𝐴𝐴𝑦𝑦 . It suggests that both of these two groups of 
low-frequency waves may be circularly polarized and should be oblique and quasi-parallel left-hand Alfven 
waves with weak compressibility (S. P. Gary, 1986), which can be found from the variations of particle number 
density and corresponding power spectrum (not shown here).

Similarly, to further investigate these downstream waves we collect the associated simulation data in the 𝐴𝐴 𝐴𝐴 direc-
tion at 𝐴𝐴 𝐴𝐴 = 440𝑐𝑐∕𝜔𝜔pi and along the lines 𝐴𝐴 𝐴𝐴3 , 𝐴𝐴 𝐴𝐴4 in the same bins as in Figures 4, and Figure 8 illustrates their 
spectrograms of (a) 𝐴𝐴 𝐴𝐴𝐴𝐴𝑥𝑥 in the 𝐴𝐴 𝐴𝐴 direction, (b) 𝐴𝐴 𝐴𝐴𝐴𝐴𝑦𝑦 and (c) 𝐴𝐴 𝐴𝐴𝐴𝐴 along 𝐴𝐴 𝐴𝐴3 , (d) 𝐴𝐴 𝐴𝐴𝐴𝐴 along 𝐴𝐴 𝐴𝐴4 with correspond-
ing dispersion relations, which also come from the two-fluid theory with thermal correction under downstream 

𝐴𝐴 𝐴𝐴𝑖𝑖 = 0.97 and are indicated by solid and dashed red (𝐴𝐴 𝐴𝐴  ), blue (𝐴𝐴 𝐴𝐴 ) and black (𝐴𝐴 𝐴𝐴 ) lines. It can be found that from 
Figure  8a, there are oblique Alfven waves and they are actually the waves propagating in the 𝐴𝐴 𝐴𝐴 direction as 
shown in Figures 6 and 7. And, their intensity as 𝐴𝐴 𝐴𝐴𝑦𝑦 < 0 is much larger than that of 𝐴𝐴 𝐴𝐴𝑦𝑦 > 0 , which is similar to 
the suggestions at a perpendicular shock (Q. Lu et al., 2009; McKenzie & Westphal, 1969). Figure 8b shows the 
quasi-parallel Alfven waves, while the spectrogram in Figure 8c has no unambiguous implications because down-
stream Alfven waves as the origination of compressibility do not strictly propagate in the direction parallel to the 
average magnetic fields. In the perpendicular direction, in Figure 8d the possible waves have zero frequency and 
their intensity spreads around the quasi-perpendicular KSW and KAW dispersions, which are very close to each 
other. Although previous evidences under a medium Mach number quasi-parallel shock suggest the existence of 
KSWs, we cannot insist on the absences of KAWs in the downstream region due to their similarity of character-
izations (J. S. Zhao et al., 2014).

Figure 7. Wave power spectra of variations in Figure 6 in an area (𝐴𝐴 360𝑐𝑐∕𝜔𝜔pi < 𝑥𝑥 < 495𝑐𝑐∕𝜔𝜔pi ; 𝐴𝐴 0 < 𝑦𝑦 < 300𝑐𝑐∕𝜔𝜔pi ).

Figure 6. Contour plots of variations of the three magnetic field components: (a) 𝐴𝐴 𝐴𝐴𝐴𝐴𝑥𝑥∕𝐵𝐵0 , (b) 𝐴𝐴 𝐴𝐴𝐴𝐴𝑦𝑦∕𝐵𝐵0 , and (c) 𝐴𝐴 𝐴𝐴𝐴𝐴𝑧𝑧∕𝐵𝐵0 in the 
downstream region. The shock front at 𝐴𝐴 𝐴𝐴 = 353𝑐𝑐∕𝜔𝜔pi is denoted with a black dashed line. Line 𝐴𝐴 𝐴𝐴3 and 𝐴𝐴 𝐴𝐴4 are, respectively, 
parallel and perpendicular to the downstream average magnetic fields.
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In Figure 9, we display the temporal evolution of (a) 𝐴𝐴 𝐴𝐴𝐴𝐴𝑥𝑥∕𝐵𝐵0 , (b) 𝐴𝐴 𝐴𝐴𝐴𝐴𝑧𝑧∕𝐵𝐵0 , and 
(c) 𝐴𝐴 𝐴𝐴𝐴𝐴∕𝐴𝐴0 in the 𝐴𝐴 𝐴𝐴 direction at 𝐴𝐴 𝐴𝐴 = 440𝑐𝑐∕𝜔𝜔pi . The time evolution of 𝐴𝐴 𝐴𝐴𝐴𝐴𝑥𝑥∕𝐵𝐵0 , 
which comes from the oblique Alfven waves propagating in the 𝐴𝐴 𝐴𝐴 direction 
as shown in Figures 6a and 7a, shows the forward and backward propagat-
ing wave modes, and obviously, the intensity of the forward propagating 
waves is several times that of the backward ones. That is consistent with 
the implications of Figure 8a and can be the clear evidence that upstream 
low-frequency fast magnetosonic waves undergo similar processes as at 
a perpendicular shock (Q. Lu et  al.,  2009; McKenzie & Westphal,  1969). 
Figure 9b just shows the forward propagating waves, which are actually the 
dominant quasi-parallel Alfven waves as shown in Figures 6c and 7c. The 
fluctuations of particles number density in Figure  9c are non-propagating 
KSWs and possible KAWs with zero frequency as shown in Figure 8d.

3.3. Overview of the Waves From Upstream to Downstream

At this low Mach number quasi-parallel shock, upstream quasi-parallel and 
quasi-perpendicular fast magnetosonic waves, which had been detected at a 
medium Mach one, can also be clearly found in the upstream region, though 
the quasi-perpendicular waves are relatively weak in amplitude. These 
waves, especially in the perpendicular direction, may bring compressibil-
ity and result in the upstream fluctuating total magnetic fields as shown in 
Figure 10a (S. P. Gary, 1986), while the dominant quasi-parallel waves close 
to the shock lead to strong transverse fluctuations and less compressibility 
as shown in Figures 10b and 10d (Y. Q. Hao et al., 2021). In the immedi-
ately downstream, from Figures 10a and 10d we can see highly compressive 
magnetic structures, which lie nearly along the downstream average magnetic 
fields and might be the large-scale belt-like structures proposed by Y. Hao 
et al. (2017). In further downstream region, there are oblique, quasi-parallel 
Alfven waves, very weak KSWs and possible KAWs, which bring reasona-
ble stronger compressive magnetic fluctuations, negative cross helicity and 
relatively strong compressibility from top to bottom in Figure 10 (S. P. Gary 
& Winske,  1992; Y. X. Hao et  al.,  2018; J. S. Zhao et  al.,  2014). Mean-
while, the compression ratio between downstream and upstream as shown in 
Figure 10a is around 𝐴𝐴 2 , which is distinctly lower than the value derived by 
ideal magnetohydrodynamics (MHD) theory. That should be due to the very 
low Mach number of this simulated shock.

In the shock front, the upstream low-frequency quasi-parallel and 
quasi-perpendicular waves are mode converted into several groups of down-
stream waves. For the upstream quasi-parallel low-frequency waves, they are 

fast magnetosonic waves with right-hand circularly polarization (S. P. Gary, 1986) and become left-hand polar-
ized in the downstream rest frame after Doppler shift. In Figure 11a, their corresponding dispersion is indicated 
by a red solid line, which is close to the dispersion relations of downstream eigenmodes denoted by dashed lines 
under the corresponding the simulated downstream 𝐴𝐴 𝐴𝐴 = 0.97 . And, the spectrogram of upstream quasi-parallel 
waves is sketched by a gray shaded region, which covers all these three downstream plasma dispersions. While, 
taking into account the left-hand polarization of the upstream quasi-parallel low-frequency waves, it is reasonable 
that after their mode conversion, we should find quasi-parallel or oblique Alfven and slow waves, both of which 
are also left-hand polarized under the downstream plasma conditions (J. Zhao, 2015).

For the upstream waves in perpendicular direction, their phase speeds point to further upstream (𝐴𝐴 𝐴𝐴𝐴𝐴
+ ) and the 

shock front (𝐴𝐴 𝐴𝐴𝐴𝐴
− ), and have right-hand elliptic polarizations with very small ellipticities in the plasma frame 

(S. P. Gary, 1986; Y. Q. Hao et al., 2021). Similarly, they can also be convected to the shock front due to their 
low phase speeds even down to zero (Y. Q. Hao et al., 2021), which leads to the reversal of polarization of 𝐴𝐴 𝐴𝐴𝐴𝐴

+ . 
Therefore, in the downstream rest frame these quasi-perpendicular waves have left-hand and right-hand elliptic 

Figure 8. Spectrograms of (a) 𝐴𝐴 𝐴𝐴𝐴𝐴𝑥𝑥∕𝐵𝐵0 along a line in the 𝐴𝐴 𝐴𝐴 direction at 
𝐴𝐴 𝐴𝐴 = 440𝑐𝑐∕𝜔𝜔pi , (b) 𝐴𝐴 𝐴𝐴𝐴𝐴𝑦𝑦∕𝐵𝐵0 along the line 𝐴𝐴 𝐴𝐴3 , (c) 𝐴𝐴 𝐴𝐴𝐴𝐴∕𝐴𝐴0 along the line 𝐴𝐴 𝐴𝐴3 and 

(d) 𝐴𝐴 𝐴𝐴𝐴𝐴∕𝐴𝐴0 along the line 𝐴𝐴 𝐴𝐴4 from the time 𝐴𝐴 Ω𝑖𝑖𝑡𝑡 = 100 to 𝐴𝐴 Ω𝑖𝑖𝑡𝑡 = 188 in bins of 
𝐴𝐴 0.5𝑐𝑐∕𝜔𝜔pi and 𝐴𝐴 0.1Ω−1

𝑖𝑖
 .
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polarizations. In Figure 11b, we display their sketches of spectrograms and corresponding dispersions of 𝐴𝐴 𝐴𝐴𝐴𝐴
+ and 

𝐴𝐴 𝐴𝐴𝐴𝐴
− denoted by red bold solid and dashed lines, respectively. And, downstream dispersions of 𝐴𝐴 𝐴𝐴𝐴𝐴

+ , 𝐴𝐴 𝐴𝐴𝐴𝐴
− , 𝐴𝐴 𝐴𝐴𝐴𝐴

+ , 
and 𝐴𝐴 𝐴𝐴𝐴𝐴

− , which are actually KSWs and KAWs in perpendicular direction, can be clearly distinguished and are 
very close to that of 𝐴𝐴 𝐴𝐴𝐴𝐴

+ . While, note that all these dispersions are actually very close to each other if we plot 
them in the (𝐴𝐴 𝐴𝐴 , 𝐴𝐴 𝐴𝐴⟂ ) with a large range of the 𝐴𝐴 𝐴𝐴 axis as Figure 4, even the dispersion of 𝐴𝐴 𝐴𝐴𝐴𝐴

− seems to be parallel 
to the 𝐴𝐴 𝐴𝐴 axis. Therefore, the upstream left-hand 𝐴𝐴 𝐴𝐴𝐴𝐴

+ and right-hand 𝐴𝐴 𝐴𝐴𝐴𝐴
− in the downstream rest frame have a 

reasonable chance to be mode converted into downstream quasi-perpendicular left-hand KSWs and right-hand 
KAWs (S. P. Gary, 1986; Y. X. Hao et al., 2018; J. Zhao, 2015; J. S. Zhao et al., 2014), respectively. That is, 
not only KSWs but also KAWs can exist in the low Mach number quasi-parallel shocks, which is thought to be 

true under a higher Mach number, though only the existence of KSWs are 
evidenced in the downstream of a quasi-parallel shock with a medium Alfven 
Mach number (Y. X. Hao et al., 2018).

As a summary, we illustrate a sketch of power spectrum of all the upstream 
and downstream waves in Figure  12. In the upstream region, there are 
quasi-parallel low frequency fast magnetosonic waves, Alfven/ion cyclotron 
waves and quasi-perpendicular ion Bernstein waves, which are labeled 𝐴𝐴 1 , 𝐴𝐴 2 , 

𝐴𝐴 3 in Figure 12a. The waves 𝐴𝐴 1 result from the right-hand resonant electro-
magnetic ion beam instabilities driven by the interaction of backstreaming 
particles and injected flow, while wave 𝐴𝐴 2 and 𝐴𝐴 3 should be due to the shell-
like or ring-like distributions of the backstreaming particles as suggestion 
in previous work (Y. Q. Hao et al., 2021). At the quasi-parallel shock front, 
waves 𝐴𝐴 1 are mode converted into downstream quasi-parallel Alfven waves 

𝐴𝐴 1′ , Alfven waves 𝐴𝐴 2′ in 𝐴𝐴 𝐴𝐴 direction and oblique slow waves, which are heavily 
damped and are not shown in Figure 12b. Downstream quasi-perpendicular 
waves 𝐴𝐴 3′ should include two groups: KSWs and KAWs, and they are gener-
ated by the mode conversion of upstream quasi-perpendicular left-hand and 
right-hand elliptically polarized ion Bernstein waves 𝐴𝐴 3 in the downstream 
rest frame, respectively.

4. Conclusions and Discussion
In this paper, we use a 2-D hybrid simulation code to investigate the waves at 
a low Mach number quasi-parallel shock. The simulation results suggest that 
except for the well-known low-frequency quasi-parallel fast magnetosonic 
waves, high-frequency Alfven/ion cyclotron waves and quasi-perpendicular 

Figure 9. The dispersions of the two-fluid plasma theory with thermal correction are displayed under downstream plasma 
conditions and corresponding propagating angles 𝐴𝐴 𝐴𝐴kB . 𝐴𝐴 𝐴𝐴  , 𝐴𝐴 𝐴𝐴 and 𝐴𝐴 𝐴𝐴 modes are plotted by red, yellow, and black lines.

Figure 10. From top to bottom: (a) contour plot of the total magnetic fields in 
simulation plane; (b) transverse and compressive fluctuations denoted by red 
and black lines; (c) cross helicity; (d) compressibility.
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ion Bernstein waves in the form of harmonics can also be generated by 
the backstreaming particles in upstream region. The quasi-parallel and 
quasi-perpendicular waves all can be brought back to the shock front where 
mode conversion happens and causes them to become Alfven waves prop-
agating along the downstream average magnetic fields and the direction 
perpendicular to the shock normal, quasi-perpendicular KSWs and KAWs in 
the downstream region, respectively. These downstream and upstream waves 
are examined by a two-fluid plasma model with finite thermal correction.

Waves at a quasi-parallel shock always catch our attention due to their impor-
tant role on the evolutions of associated ion dynamics and structures (Burgess 
et  al.,  2005). Shocks with medium and high Mach numbers can generate 
upstream waves with high intensity (Burgess, 1989; Y. Q. Hao et al., 2021; 
Scholer & Burgess, 1992), and these waves can steepen and become nonlin-
ear structures as they are brought toward the shock front (Y. Hao et al., 2017; 
Scholer,  1993; Scholer & Fujimoto,  1993), even the waves and structures 
can have significant effects on the downstream (Y. X. Hao et  al.,  2018; 
Krauss-Varban & Omidi, 1991). At a very low Mach number one the excited 
upstream waves have phase speed pointing to upstream in the downstream 
rest frame and become phase-standing waves just before the shock front 
(Krauss-Varban & Omidi, 1991; Omidi et al., 1990), which leads to a stable 
shock front and a very clean downstream region. Here, under a proper Mach 
number we can clearly identify the upstream and downstream waves with 
little effect from nonlinear structures, and found more wave modes and their 
possible relationship throughout the shock front.

For mode conversion of the upstream waves at a quasi-parallel shock, it first requires that these waves can be 
convected back (Krauss-Varban & Omidi, 1991), that is, their group velocities should point to the shock front in 
the downstream rest frame to finally reach the region where wave mode conversion can happen (Shi et al., 2013). 
Therefore, the Alfven Mach numbers should exceed a threshold, e. g., 𝐴𝐴 𝐴𝐴𝐴𝐴 = 2.3 as 𝐴𝐴 𝐴𝐴Bn = 30◦ , under which most 
of upstream waves begin to be brought back to the shock front. At the same time, the upstream waves have high 
frequency and large phase velocities under low Alfven Mach numbers (Blanco-Cano et al., 2016; Krauss-Varban 
& Omidi,  1993), so that the mode conversion requires a high compression ratio under the Alfven resonance 
condition 𝐴𝐴 𝐴𝐴

2 = 𝑘𝑘
2
‖

𝑉𝑉
2
𝐴𝐴

(

1 − 𝐴𝐴
2∕Ω2

𝑖𝑖

)2 (Lin et al., 2012). While, for the upstream waves excited at a medium and high 
Mach number shock, they are comparatively low-frequency and their phase velocities are around 𝐴𝐴 𝐴𝐴∕𝑘𝑘

‖

= 2.0𝑉𝑉𝐴𝐴 . 
And, in shock front the local Alfven velocities are around the same value, so the mode conversion of upstream 

Figure 11. (a) The dispersion under upstream conditions 𝐴𝐴 𝐴𝐴𝐴𝐴
+ and downstream 

dispersions 𝐴𝐴 𝐴𝐴𝐴𝐴
− , 𝐴𝐴 𝐴𝐴𝐴𝐴

− , and 𝐴𝐴 𝐴𝐴𝐴𝐴
− in parallel direction. (b) The dispersions under 

upstream conditions 𝐴𝐴 𝐴𝐴𝐴𝐴
+ and 𝐴𝐴 𝐴𝐴𝐴𝐴

− , and downstream dispersions 𝐴𝐴 𝐴𝐴𝐴𝐴
+ , 𝐴𝐴 𝐴𝐴𝐴𝐴

− , 
𝐴𝐴 𝐴𝐴𝐴𝐴

+ , and 𝐴𝐴 𝐴𝐴𝐴𝐴
− . The gray shaded regions denote the sketches of spectrograms 

of possible waves excited by the free energy from backstreaming particles.

Figure 12. The sketches of power spectra of (a) upstream waves and (b) downstream waves.
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waves should easily happen in some medium and high Mach number space environments, such as the terrestrial 
bow shock (Burgess et al., 2005; Zhang et al., 2022) and co-rotating interaction regions (Gosling & Pizzo, 1999; 
Jian et al., 2006; Kilpua et al., 2017; Richardson, 2018).

Data Availability Statement
Simulation data sets for this research are available at the following link https://doi.org/10.5281/zenodo.7725025.
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