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Ion pickup by a monochromatic low-frequency Alfvén wave, which propagates along the background magnetic

field, has recently been investigated in a low beta plasma (Lu and Li 2007 Phys. Plasmas 14 042303). In this paper,

the monochromatic Alfvén wave is generalized to a spectrum of Alfvén waves with random phase. It finds that the

process of ion pickup can be divided into two stages. First, ions are picked up in the transverse direction, and then

phase difference (randomization) between ions due to their different parallel thermal motions leads to heating of the

ions. The heating is dominant in the direction perpendicular to the background magnetic field. The temperatures of

the ions at the asymptotic stage do not depend on individual waves in the spectrum, but are determined by the total

amplitude of the waves. The effect of the initial ion bulk flow in the parallel direction on the heating is also considered

in this paper.
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1. Introduction

Large amplitude Alfvén waves prevail in the space

plasma environment. In such an environment, ion

pickup processes occur ubiquitously when neutral par-

ticles are ionized by photoionization, impact ioniza-

tion, or charge change.[1,2] Because there are no elec-

tromagnetic forces acting on the neutral particles, a

slippage between the ion and neutral populations may

occur. Therefore, the newly born ions from neutrals

do not have same fluid velocity as the background

ions. When the difference between their fluid veloc-

ities is sufficiently large, electromagnetic instabilities

can be excited and the newly born ions are picked

up.[3,4] However, when their velocity difference is not

large, the pickup process of newly born ions by intrin-

sic Alfvén waves may be important.[5]

Recently, we investigated ion pickup processes by

a monochromatic, parallel propagating, circularly po-

larized Alfvén wave.[6,7] It was found that given the

electromagnetic field of an Alfvén wave, ions, whose

initial average velocity does not match that dictated

by the electromagnetic field of the wave, can be heated

by such a wave without relying on cyclotron reso-

nance in a low beta plasma. The heating, which is

more efficient in the perpendicular direction, is pro-

duced by phase difference (randomization) between

ions due to their parallel thermal motions. The time

scale over which ions are significantly heated can be

roughly expressed as π/kvth (where vth is the initial

thermal velocity of the ions). In this paper, we ex-

tend the monochromatic Alfvén wave to waves with a

spectrum, and the Alfvén waves have random phases.

Analytical theory as well as test particle calculations

are used in this paper to investigate the ion pickup

processes by the intrinsic Alfvén waves. It is found

that the total kinetic energy gained by the pickup

ions can be separated into two parts. The first part

corresponds to the linear fluid velocity perturbations

induced by the Alfvén waves. The other part can be

transferred into thermal energy (random motions) due

to phase difference between ions as in the case of the

monochromatic Alfvén wave, eventually leading to the

heating of the ions. We also consider the effects of the

initial ion bulk flow in the parallel direction on the ion

pickup processes.

The paper is organized as follows. In Section 2,

the results of the analytical theory are presented. The

results of test particle calculations are described in

Section 3. Finally, the discussions and conclusions are
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given in Section 4.

2. Analytical theory

The Alfvén waves considered in this paper are as-

sumed to propagate along the background magnetic

field B0 = B0iz, and they are circularly polarized

with a left-handed sense. The Alfvén waves have a

spectrum, and the dispersion relation can be described

as ω = kvA (vA is the Alfvén speed, ω and k are the

wave angular frequency of wave and wave number re-

spectively). The total magnetic field δBw and electric

field δEw of wave can be expressed as

δBw =
∑

k

Bk(cosφkix − sinφkiy), (1)

δEw = −vA

c
b × δBw, b =

B0

B0
, (2)

where ix and iy are unit directional vectors, φk =

k(vAt− z)+ ϕk and ϕk is the random phase for mode

k. The motion of a particle in the Alfvén waves can

be described by

mj
dv

dt
= ej

[

δEw +
v

c
× (B0iz + δBw)

]

, (3)

dz

dt
= vz , (4)

where ej is the charge of the particle. For convenience,

we introduce the following notations: u⊥ = vx + ivy ,

and v‖ = vz . Then,

du⊥

dt
+ iΩ0u⊥ = i(v‖ − vA)

∑

k

Ωke−iφk , (5)

dv‖

dt
= −Im

(

u⊥

∑

k

Ωke−iφk

)

,
dz

dt
= v‖, (6)

where Ω0 = ejB0/mjc, Ωk = ejBk/mjc, and the sub-

script j refers to ion species. Im() denotes the imag-

inary part of its argument. As an approximation, we

assume that v‖ is a constant v‖ ≈ v‖(0) , where v‖(0)

is the particle’s initial parallel velocity. The approx-

imation is valid when
∑

k Bk/B0 is sufficiently small

and the frequencies of the Alfvén waves are sufficiently

low, so |Ω0| ≫ |k[v‖ − vA]| for each mode. With the

initial condition u⊥ = u⊥(0) and z = z(0), the solu-

tion of Eq.(5) can be written as[8,9]

u⊥ = u⊥(0)e−iΩ0t − [vA − v‖(0)]
∑

k

Ωk

Ω̃k

e−ik[vA−v‖(0)]t+ikz(0)−iϕk + [vA − v‖(0)]
∑

k

Ωk

Ω̃k

ei[kz(0)−ϕk]e−iΩ0t, (7)

where Ω̃k = Ω0 − k[vA − v‖(0)] ≈ Ω0 and z = z(0) + v‖(0)t. Then

u⊥ = u⊥(0)e−iΩ0t − [vA − v‖(0)]
∑

k

Bk

B0
e−ik(vAt−z)−iϕk + [vA − v‖(0)]

∑

k

Bk

B0
ei[kz(0)−ϕk]e−iΩ0t. (8)

The above equation describes the transverse mo-

tion of the particle, and it consists of three parts: the

first is the gyromotion of the particle in the back-

ground magnetic field; the second is the transverse

motion due to the electric field of the Alfvén waves;

and the third is the modification of the above gyro-

motion due to the existence of the Alfvén waves.

The above analysis is for a single particle. Now let

us consider an ensemble of particles at a fixed z posi-

tion in a low beta plasma. Assume v‖(0) = vb+v‖
′(0),

where vb is the initial bulk flow speed of the particles

in the parallel direction, and v‖
′(0) corresponds to the

initial thermal velocity in the parallel direction. Ini-

tially, the average transverse velocity of these particles

is set to be zero everywhere. In a low beta plasma,

v‖
′(0) ≪ vA, then vA − v‖(0) ≈ vA − vb. Therefore,

Eq.(8) can be rewritten as

u⊥

= u⊥(0)e−iΩ0t − (vA − vb)
∑

k

Bk

B0
e−ik(vAt−z)−iϕk

+(vA − vb)
∑

k

Bk

B0
eik[z−vbt−v‖

′(0)t]−iϕke−iΩ0t.(9)

In Eq.(9), the first term is independent of po-

sition z. The corresponding thermal velocity of the

particles will be kept as their initial value, while the

average transverse velocity is zero. From the second

term we can know that all particles at position z have

the same velocity, and there is no thermal disper-

sion. In the third term, particles with initial position
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z(0) = z− v‖(0)t will arrive at position z after a finite

time t. In a homogeneous plasma, whenever a par-

ticle arrives at position z, another particle with the

same parallel velocity will leave position z simulta-

neously. Therefore, the parallel velocity distribution

of the particles at position z will not change. If we

also assume that initially particles have a Maxwellian

velocity distribution function in the parallel direction,

the corresponding average transverse velocity at po-

sition z can be approximated as 1 / (
√

π vth) (vA −
vb)

∫∞

−∞

∑

k Bk / B0 ei k [z − vbt + v‖
′ (0)t]− i ϕk e−iΩ0 t

e−[v‖
′(0)/vth]2dv‖

′(0).

Summing up the three terms, we can find the over-

all average transverse velocity at position z as

U⊥

=−(vA − vb)
∑

k

Bk

B0
e−ik(vAt−z)−iϕk +

1√
πvth

(vA − vb)

∫ ∞

−∞

∑

k

Bk

B0
eik[z−vbt−v‖

′(0)t]−iϕke−iΩ0te
−

»

v‖
′(0)

vth

–2

dv‖
′(0)

=−(vA − vb)
∑

k

Bk

B0
e−ik(vAt−z)−iϕk + (vA − vb)

∑

k

Ak
Bk

B0
eik(z−vbt)−iϕke−iΩ0t, (10)

where Ak = (1/
√

π)
∫∞

−∞ cos(kvthtx)e−x2

dx =

e−k2v2
tht2/4, and vth = (2kBTj0/mj)

1/2 (here Tj0 is the

initial temperature of ion species j) is the particle’s

initial thermal speed. Therefore, the perpendicular

temperature is

T⊥j

=
mj

2kBvth
√

π

∫

|u⊥ − U⊥|2e
»

v‖
′(0)

vth

–2

dv‖
′(0)

= Tj0 +
mj(vA − vb)2

2kB

∑

k

B2
k

B2
0

(1 − A2
k)

= Tj0

[

1 +

(

1 − vb

vA

)2
mj

mpβj

∑

k

B2
k

B2
0

(1 − A2
k)

]

,

(11)

where βj = 8πnekBTj0/B2
0 is the plasma beta of

species j, and ne is the electron number density. In

deriving Eq.(11), we have adopted the following ran-

dom phase approximation:[8]

∑

k

∑

k′

e−iϕkeiϕ
k′ =

∑

k

∑

k′

δ(k − k′). (12)

The increase of the perpendicular temperature is

due to the initial random velocities of particles in the

parallel direction. According to the third term on the

right-hand side of Eq.(9), particles at position z will

have different velocities after time t due to the phase

difference between particles. As a result, a velocity

dispersion will be produced and ions will be heated

in the perpendicular direction. The heating process

saturates when the phase difference among particles

with characteristic speed vth reaches π.

Now let us consider the particles’ parallel motion.

After substituting Eq.(9) into Eq.(6), we can obtain

v‖

= v‖(0) − v⊥(0)
∑

k

Ωk

Ω̃k

[cos(Φk(0) − Ω̃kt) − cosΦk(0)]

−[vA − v‖(0)]
∑

k

Ω
2
k

Ω̃2
k

[cos(Ω̃kt) − 1] (13)

where Φk(0) = α(0) + [φk − kz(0)], and α(0) =

arctan[vy(0)/vx(0)] is the initial gyrophase angle. In

deriving the above equation, the random phase ap-

proximation given in Eq.(12) is also necessary. Con-

sidering |Ω0| ≫ |k[v‖(0) − vA]|, v‖(0) = vb + v′‖(0) ≈
vb, |v⊥(0)| ≪ vA in a low beta plasma, we obtain

v‖ = v‖(0) + (vA − vb)
∑

k

B2
k

B2
0

×
{

1 − cos[Ω0t − kvAt + kv‖(0)t]
}

. (14)

Therefore, the average parallel velocity is

U‖ = vb +
(vA − vb)

vth
√

π

∫ ∞

−∞

∑

k

B2
k

B2
0

{1 − cos[Ω0t − kvAt + kvbt + kv‖
′(0)t]}e

−

»

v‖
′(0)

vth

–2

dv‖
′(0)

= vb + (vA − vb)
∑

k

B2
k

B2
0

[1 − Ak cos(Ω0t − kvAt + kvbt)], (15)
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when t → ∞, Ak → 0. Therefore, the asymptotic

values of the average parallel and transverse velocity,

and the perpendicular temperature, are respectively

U‖ = vb + (vA − vb)
∑

k

B2
k

B2
0

, (16)

U⊥ = −(vA − vb)
∑

k

Bk

B0
e−ik(vAt−z)−iϕk , (17)

T⊥j = Tj0

[

1 +

(

1 − vb

vA

)2
mj

mpβj

∑

k

B2
k

B2
0

]

. (18)

It is well known that in the frame of an Alfvén

wave’s phase speed the particle motion can be de-

scribed by

(v‖ − vA)2 + v2
⊥ = (v‖(0) − vA)2 + v2

⊥(0). (19)

According to Eq.(18), we can calculate the asymptotic

value of the parallel temperature,

T‖j = Tj0



1 +

(

1 − vb

vA

)2
mj

mpβj

(

∑

k

B2
k

B2
0

)2


 . (20)

Therefore, the asymptotic value of the temperature

anisotropy is

T⊥j

T‖j
=

1 +

(

1 − vb

vA

)2
mj

mpβj

∑

k

B2
k

B2
0

1 +

(

1 − vb

vA

)2
mj

mpβj

(

∑

k

B2
k

B2
0

)2 . (21)

3. Calculations about the test

particle

In the above analytical theory, one basic approx-

imation in the treatment of the non-resonant interac-

tion between ions and Alfvén waves is that the ampli-

tude of the Alfvén waves is sufficiently small. There-

fore, the parallel velocity of the particle can be con-

sidered to be kept at its initial value. In this section,

we conduct calculations with test particles to prove

the validity of the theory for the case of finite ampli-

tudes of the waves. In the calculations, the motions

of the particles in the Alfvén waves are governed by

Eqs.(3) and (4). The equations are solved with the

Boris algorithm. The time step is 0.03 Ω
−1
0 . Ini-

tially, particles are evenly distributed in a region of

length 2048 VAΩ
−1
0 , and the total number of particles

is 307200.

The intrinsic Alfvén waves are described by

Eqs.(1) and (2). They propagate along the ambient

magnetic field in the z-direction, and their total am-

plitude is
∑

k δB2
k/B2

0 = 0.16. The frequencies of the

waves extend from ω1 = 0.05 Ω0 to ωN = 0.1 Ω0,

and N is the number of wave modes used in our cal-

culations. We choose N = 100, and ωi = ω1 + (i −
1)∆ω(i = 1, ... , N), where ∆ω = (ωN − ω1)/(N − 1).

The amplitude of individual wave modes satisfies the

relation Bi/B1 = (ωi/ω1)
−q/2, and q is chosen as

1.667. This means that the power spectrum of the

Alfvén waves has an index of 1.667, a generally ac-

cepted value for the power of magnetic fluctuations

found in in situ measurements in the solar wind.[10,,11]

We choose βp = βO = 0.01, and initially O5+ ions

have the same temperature T0 as protons. In this

and the following section, we calculate the average

velocity, and the parallel and perpendicular temper-

atures using the following procedure: we firstly esti-

mate U‖ = 〈vz〉, T‖ = (mi/kB)
〈

(vz − 〈vz〉)2
〉

, Tx,y =

(mi/kB)
〈

(vx,y − 〈vx,y〉)2
〉

, and T⊥ = 0.5(Tx + Ty) in

every grid cell (where the bracket 〈.〉 denotes an av-

erage over a grid cell), and then these quantities are

averaged over all grid cells. In this way, we can elimi-

nate the effects of the average velocity at each location

on the thermal temperature.

Figure 1 shows the time evolution of the av-

erage parallel velocity U‖/vA, the parallel tempera-

ture T‖p/T0, the perpendicular temperature T⊥p/T0,

and the temperature anisotropy T⊥p/T‖p for protons.

Consistent with the analytical theory, protons can be

significantly heated, and the heating is more efficient

in the perpendicular direction. Therefore protons can

obtain a large temperature anisotropy. Since a par-

ticle’s kinetic energy is conserved in the frame of the

Alfvén phase speed, particles can obtain a bulk veloc-

ity in the parallel direction after they are heated in the

perpendicular direction. The characteristic time scale

over which protons are significantly heated is about

π/(kvth) = (π/ω)
√

mj/(mpβj). For the highest fre-

quency in the wave spectrum ωN = 0.1Ωp, the char-

acteristic time scale is about 314 Ω
−1
p , while the the

characteristic time scale is about 628 Ω
−1
p for the low-

est frequency ω1 = 0.05 Ωp. Correspondingly, from

the figure, we can find that protons are significantly

heated at about 314 Ω
−1
p , and they are continuously

heated until at about 628 Ω
−1
p . At the asymptotic

stage, U‖/vA, T‖p/T0, T⊥p/T0 and T⊥p/T‖p are about

0.16, 4.0, 13.5 and 3.2, respectively. Based on the an-

alytic theory in the above section, we can find that

the corresponding values are 0.16, 3.56, 17.0, and 4.7,

respectively.
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The heating process of protons can also be shown

in Fig.2, which displays the scattered plots of protons

between 500 vAΩ
−1
p and 756 vAΩ

−1
p at Ωpt = 0, 60,

Fig.1. The time evolution of the average parallel velocity

U‖/vA, the parallel temperature T‖p/T0, the perpendicu-

lar temperature T⊥p/T0, and the temperature anisotropy

T⊥p/T‖p for protons.

and 900. Figures 2(a) and 2(b) depict the velocity

component in the parallel and y directions, respec-

tively. Initially, the velocity distribution of protons is

Maxwellian with the thermal speed vth = 0.1vA. At

Ωpt = 60, protons are trapped by the electric field

of the Alfvén wave and the average velocities are ob-

tained in both the parallel and perpendicular direc-

tions. However, there is no obvious heating at this

time. At Ωpt = 900, significant heating can be found,

and it is more efficient in the perpendicular direction.

Fig.2. The scattered plots of protons between 500 vAΩ−1
p and 756 vAΩ−1

p at Ωpt = 0, 60, and 900.

Figure 3 shows the evolution of the velocity distribution of protons in a small region (the size of the region

is significantly smaller than the shortest wavelength in the wave spectrum) between 697 vAΩ
−1
p and 703 vAΩ

−1
p .

Initially, protons satisfy the Maxwellian distribution, and they are dramatically scattered in the transverse
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direction in the phase space. Ring velocity distribu-

tions are nicely shown in the figure. The ring velocity

distributions are unstable. They may eventually be

thermalized by relevant microscopic instabilities.[12,13]

The formation of a ring velocity distribution was

discovered in Ref.[7] and can be easily understood.

From Eqs.(9) and (10), we can find that in low

beta plasma |u⊥ − U⊥| can be approximated as

(vA − vb)
√

∑

k Bk
2/B0

2 at the asymptotic stage. It

means that the transverse velocity in the wave frame

satisfies ring distribution, and the radius is (vA −
vb)
√

∑

k Bk
2/B0

2. The results are similar to that in

the case of a monochromatic Alfvén wave.[6]

Fig.3. The evolution of velocity distribution of protons in a small region between 697 vAΩ−1
p and 703 vAΩ−1

p .

We also calculate the heating of protons for different initial parallel bulk velocities. Figure 4 displays the

average parallel velocity U‖/vA, the parallel temperature T‖p/T0, and the perpendicular temperature T⊥p/T0

of protons at the asymptotic stage as a function of vb. With the increase of the initial parallel bulk velocity,

the heating becomes less efficient in both parallel and perpendicular directions.
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Fig.4. The average parallel velocity U‖/vA, the parallel temperature T‖p/T0, and the perpendicular temperature

T⊥p/T0 of protons at the asymptotic stage for different initial parallel bulk velocities vb. In the figure, the solid

lines are based on the analytical theory. The square, circle and star are based on the calculations with test

particles.

From the analytical theory in Section 2, the heating is more efficient for heavy ions. Figure 5 shows

the time evolution of the average parallel velocity U‖/vA, the parallel temperature T‖O/T0, the perpendicular

temperature T⊥O/T0, and the temperature anisotropy T⊥O/T‖O for O5+. At about Ωpt = 2512, the asymptotic

stage is attained. The average parallel velocity U‖/vA, the parallel temperature T‖O/T0, the perpendicular

temperature T⊥O/T0, and the temperature anisotropy T⊥O/T‖O at the asymptotic stage are about 0.17, 30,

136, and 4.5, respectively. According to the analytical theory, the corresponding values are about 0.16, 42, 257,

and 6.1, respectively.

Fig.5. The time evolution of the average parallel velocity U‖/vA, the parallel temperature T‖O/T0, the perpendicular

temperature T⊥O/T0, and the temperature anisotropy T⊥O/T‖O for O5+.

We have also changed the index of the wave spectrum while keeping the amplitude
∑

k δB2
k/B2

0 = 0.16

unchanged to investigate their effects on the heating for both protons and O5+. Consistent with the analytical

theory, no obvious changes can be found from the calculations (not shown).
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4. Discussions and conclusions

Recently, Lu and Li[6] investigated ion pickup pro-

cesses by a monochromatic low-frequency Alfvén wave

propagating along the background magnetic field.

They found that ions can be heated in a low beta

plasma, and the heating is more efficient in the per-

pendicular direction, therefore producing a large tem-

perature anisotropy. The heating is generated by the

phase difference between ions due to the existence of

the Alfvén wave. In this paper, the study is general-

ized to a spectrum of Alfvén waves. Ions can also be

heated by a spectrum of Alfvén waves with the same

mechanism. Both the parallel and perpendicular tem-

peratures at the asymptotic stage are independent of

the amplitude of individual waves in the spectrum or

the power index of the spectrum if the total amplitude
∑

k δB2
k/B2

0 is kept as a constant, and detailed struc-

ture of the wave spectrum only influences the time

evolution of the temperatures. The heating of ions is

more efficient with a larger ion mass, while it is less

efficient when the initial parallel bulk velocity of the

ion is comparable with the Alfvén speed.

The processes of ion pickup can be divided into

two stages. At first the newly born particles are picked

up by the Alfvén waves and gain a kinetic energy

which is largely due to the bulk velocity of the par-

ticles. This kinetic energy can be separated into two

parts. The first part of the energy corresponds to

the linear fluid velocity perturbations induced by the

Alfvén waves. The remaining part will be transferred

into random motions of ions at a later stage through

phase mixing, which leads to the heating of ions. Ac-

cording to the results in this paper, the distribution

functions of particles in the first few proton gyration

periods do not change (but they shift due to U⊥) and

particles are not heated at all.

The mechanism, which heats ions via ion pickup

processes, may have relevance in the study of the

heating of solar corona. The results obtained in this

paper are consistent with observations in the solar

corona: ions with larger mass tend to have higher

temperatures.[14,15] Of course, our calculations with

test particles ignore the influences of particles on the

wave, at the same time the ring distribution of ions ob-

tained in our calculations about the test particle may

be unstable to ion cyclotron waves. A self-consistent

particle simulation is necessary to overcome these lim-

itations. This will be investigated in a future publica-

tion.
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